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ABSTRACT

Recent research has shown that there exists latgeolgeneity in car-following
behavior such that different car-following mode¢stbdescribe different drivers’ behavior.
A literature review reveals that current approadbesalibrate and compare different
models for one driver do not take the complexityhaf models into account or are only
able to compare a specific set of models. Thisrdmurtion applies Bayesian techniques to
the calibration of car-following models. The Bayasiramework promotes models that fit
the data well but punishes models with a high cexipl, resulting in a measure called the
evidence. This evidence quantifies how probable each mizdel be the model that best
describes the car-following behavior of a singlieei. It can be computed for any car-
following model. When considered over multiple @nis the evidences can be used to
describe the heterogeneity of the driving poputatia an experiment seven different car-
following models are calibrated and compared uaidgta set that was collected with a
helicopter. The results indicate that multi-leacherdels better describe the car-following
models even if their higher complexity is accourftad and that for the description of
microscopic driving behavior the reaction time ssential; models without a reaction time

perform significantly worse.

KEYWORDS

Calibration, car-following model, longitudinal dewbehavior, Bayesian evidence,

inter-driver differences



1. INTRODUCTION

The longitudinal driver behavior in a traffic strea@etermines for a large part the
dynamics of the flow of traffic. This important eobf this behavior has resulted in a
multitude of mathematical models to predict thegitudinal driving behavior of
individuals, such as the CHM model [1], the IDM rebf2], the OVM model [3] and the
models proposed by Helly [4], Bexelius [5], Gipp$, [Addison & Low [7], Lenz [8] and
Tampere [9]. Brackstone and McDonald [10] presdmistorical review of these and other
car-following models.

In recent microscopic traffic modeling researchuanber of studies have revealed that
there are largenter-driver differences in car-following behavior, such that different car
following models may apply to different drivers f1B8]. Additionally,intra-driver
differences (the fact that individual drivers may change theihavior over the data
collection period) can cause some car-following eledo produce erroneous predictions
during certain episodes of the driver’s car-follogzbehavior [14,15]. The effects of such
heterogeneity of car-following behavior on the nosciopic properties of traffic are
significant [16]. Therefore, when simulating indluial vehicles in a software package (a
microsimulation), it is an interesting idea to umseltiple car-following models. To achieve
such a heterogeneous microscopic simulation madss|ection needs to be made from all
available car-following models that are availaliditerature. Ideally, such an identification
procedure should take place based on data thisisised for calibration of the models
because it is generally expensive to obtain dataicroscopic driving behavior. This
contribution describes both the calibration anchidieation process for car-following

models.



1.1. Stateof theartin model calibration and comparison

First, an extensive literature study has beenedwut to investigate current calibration
and model selection methods. Four methods haveibestified: using default parameters,
using the calibration error, using the validatioroeor using the Likelihood-Ratio Test.

Below, each of these methods is described.

1.1.1. Default parameter settings

One study was found where the default manufacpasmeters are used to evaluate
the performance of different models [17], even tjlothe authors recognize the importance
of the parameter values on the performance of théetn From the literature study that has
been performed, it is found that the parametethetar-following models are not constant
for all drivers; both inter- and intra-driver difences cause large differences in the
parameter values for individual drivers. Defaultgraeters are therefore not useful for

comparing different car-following models.

1.1.2. Calibration error approach

The second and most commonly used approach isect seodels based on the
outcomes of the calibration procedure [12,18-26jsBpproach is however criticized here:
more complex models (i.e. with a larger paramgtacs) are promoted by this approach,
while more complex models do not necessarily maeebpredictions. For example,
Abbas et al. [26] conclude that the Wiedemann mdile best model for the description
of truck driver behavior. However, in the paper Wiredemann process is modeled using
no less than 15 parameters and compared to otheelsnaith 5, 6 and 11 parameters.

Their conclusion is that “the flexibility availabie the Wiedemann model undoubtedly



contributes to its performance in mimicking the deébr of real drivers”. This is a dubious
conclusion. The Wiedemann model is better in mimigkhe data, including its noise, but
not necessarily the behavior of the drivers thaehzeen measured. In many cases more
complex models wilhot make better predictions. This is the concept @frfitting [27].

The use of calibration error as a basis to selectats should therefore be rejected.

1.1.3. Validation error approach

Instead of using the same data set to calibrateamgpare the models, also a separate
data set can be used to make a selection fromad seddels [11,28-30]. The validation set
approach is a theoretically sound way to compardatsdan case the validation data set is
representative for the phenomenon that one isgigrmodel. Interestingly, different
studies confirm that more complex models do noagperform better [11,28-30]. For
example, in a paper by Brockfeld et al. [30] thedelonith 20 parameters performs
significantly worse on the validation set than denpnodels, a confirmation of the
overfitting problem of overly complex car-followingodels.

Unfortunately, this approach requires two data sebse available for one single driver.
Such data can usually only be collected under obflatt conditions, where the same drivers
are asked in an experimental setup to performahdotiowing task. This has two major
drawbacks: the results of experiments in contratie@additions may not always be portable
to a ‘real-life’ situation, and usually only a sindéta set is available because of the
expenses that have to be made to equip vehicle®attiact participants. More data may
be collected monitoring the ‘regular’ traffic systéusing for example cameras or a

helicopter), but in those cases usually the datafssach single driver is too small to be



split in two. Therefore, a method that allows fdrdata to be used for calibration, while

still preventing overfitted models to be selectdthuld be preferred.

1.1.4. Likelihood-ratio test

The Likelihood-Ratio-Test (LRT) is a method thdbwais all data to be used for
calibration and model selection in parallel, wistdl preventing overfitted models to be
selected [13,16,31]. More complex models receiperzlty, while models that fit well on
data are promoted. This balances the goodness+oftfie data with the model complexity.
A second benefit of the LRT is thatior information can be included. A common problem
in calibrating car-following models is that theyntain parameters for both the free flow
regime as well as the congested regime, but fomplaonly data collected under
congested conditions is available. The parame&ssribing free flow behavior cannot be
calibrated using congested data. A ‘normal’ calibraprocedure would cause the ‘free-
flow-parameters’ to be calibrated on coincidencessg) in the data. Using prior estimates
can prevent these parameters to take on unrealéties due to the presence of noise.

However, the LRT is only valid when used to comgaeearchically nested models.

This means that the simple model must be a speasal of the more complex model by
setting one or multiple parameters to zero. Theegfidoogendoorn et al. [31] first
formulate a general equation in which several oloding models can be fit. However, as
there is a large variation in types of car-follogimodels that have been developed over
the years, and these models may not all be fiton® general equation, the LRT is not a

generic approach.



Therefore, in this paper a novel method is propdsexhlibrate and compare car-
following models. The method is based on Bayetée. It is an extension to the LRT

method, and allows for the comparisorany car-following model.

1.2. Structure of this paper

This paper is structured as follows. In the MetHodp section the Bayesian approach
to calibrate and compare car-following models isati®ed. In the Experiment section a
description is given of how the framework can bpliggl to a variety of car-following
models. The Results section then shows the resultés application. Finally a discussion,

a conclusion and recommendations are presented.

1.3. List of Symbols

Throughout this contribution the following symbagl be used:

parameter vector

mean of prior distribution of parameters

mean of posterior distribution of parameters
covariance matrix of prior distribution of parameters
covariance matrix of posterior distributiohparameters
totalnumber of time stepsin dataset D
onespecifictime step

number of parameters

number of models to be compared

data set used for calibration and comparison

standard deviation of data

normalizing constantin posterior distution of parameter
total set of assumptions made for modelq
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2. METHODOLOGY

The Bayesian approach is a generalization of tkelihood-Ratio Test [13]. This

approach has several advantages over existing misains

1. The most important feature is that it leads toabpbilistic approach tocompare
different models on the basis of posterior distiims of their parameters, without
the need to split the available dataset in twos Htlows a modeler to select the
model that most probably best describes a certarerts behavior, taking into
account both thealibration error as well as thenodel complexity. The main
contribution of the Bayesian approach compareti¢d RT approach is that any
model can be used,;

2. Just as with the LRT approaphior information can be included when calibrating
the parameters of car-following models to rule wrtealistic estimation results due
to the fact that too little information is presemnt certain parameters within data;

3. Prediction intervals can be constructed on theiptieds of the car-following
models.

4. The Bayesian framework can be used to comtiiapredictions of several models
in a so-calleccommittee or ensemble of models. In a committee several models are
all used to make predictions about one single drizmpirical evidence shows that
if the (weighted) average of these predictionssisdy the prediction accuracy can be
improved [32-36]. Furthermore, the accuracy ofghediction intervals can be
improved too.

Below, the framework will be described. Note tha framework is closely related to the

Bayesian Information Criterion (BIC) [37], whichassimilar approach that also penalizes



overly complex models. However, in BIC the bene?it4 mentioned above are not
automatically included; in order to include priafarmation, to construct a committee or to
find prediction intervals separate efforts wouleéd¢o be taken. The framework presented
below is ‘all-in-one’. In this paper, committeedgprediction intervals are not constructed
because the main goal is the calibration and cosgraof car-following models. For more

information on how these would be constructed,[388].

2.1. TheBayesian Framework for Calibration and Comparison

In this section the general framework for calibrgtand comparing car-following
models will be unveiled. In section 2.2 the solnsido the equations will be presented.

Define a parameter vectég = (0,1, ...,04n) Which contains alN parameters of a certain
car-following modely, and define the data set that will be used forctigoration
procedureD. This data set contains for example positiong(gtand longitudinal) and
speeds of different vehicles, from which car-folioggmodels can be calibrated. Finally,
defineHqto be the total set of assumptions that modebkes, i.e. the mathematical
structure of the model, the number and type ofmpatars the model contains, the
underlying theoretical assumptions, et cetera.

Considering the variations of car-following behawloe to inter- and intra-driver
differences and the corresponding uncertainty cdrpater values, it makes sense to
consider the parameters of car-following modeldigsibutions rather than as singular
values. In probabilistic terms, the result of thélration procedure can then be written as
p(84ID,Hy), e.g. the probability density function of the aaeter®, of modelq given the
data seD and given the assumptions made for magd@&ayes’ rule can be applied to find

an expression for this posterior:



p(D10,,H,)p®, [H,)

0 |D,H )=
PO 1D, Ha) p(D|H,)

(1)

wherep(D|8,Hg) represents the distribution of noise on the @ateach could be
measurement noise due to imprecise measuremeipnegl, or system noise, i.e. behavior
of drivers that results in variations but whicm@ measured and therefore not represented
in the data) and corresponds to the likelihood tiengp(0|Hy) is a prior probability of the
parameters, which represents our prior knowledgmss$ible values for each parameter in
our model, ang(D|Hg) is a normalization factor. Later, it will be shewow to solve
equation (1).

Consider now a set ®f different car-following models each with its owet ®f

assumptionsiy, whereqt(q,,d,,...,d, ) These models can be compared in how well they

describe the car-following behavior of a certaiivelr using the outcomes of the calibration
procedure. For this, consider the posterior prdltglaif an entire modedj denoted by
P(HqID). This probability expresses a belief in modelfter we have applied datagefor

its calibration. An expression for this probabildgn be found by applying Bayes’ rule

once more:

_ P(DIH,)P(H,)
p(D)

P(H, D) (2)

The termP(Hg) represents the prior probability of the moge¥hich is chosen by the
user before the calibration and comparison of nwsirts. As the denominator of (2) is
independent of the modét,, the only unknown in (2) is the tenofD|H,), which is called
theevidence for modelq [38]. This evidence can be recognized as the devaiar of (1).

The expressions derived during the calibration @doce can therefore be used to derive

10



expressions for the evidence for the entire mdéleim (1) the evidence can be written in

the form
P(D|H,)= [P(D 10,.H,)p®, IH, )0 3

where the conditional dependence on the model gasumsH, is made explicit and where
04 is the parameter vector for modglSince (3) would require integration
(marginalization) over the entire parameter speakeulating it analytically is only possible
in case of very simple models, and even then requlaborate calculations. Therefore, an
approximation needs to be made for which a tectmigjproposed by MacKay [38]. The
required assumptions may or may not be valid, leisblution presented by MacKay at
least has lead to many successful applicationseoBayesian framework in various fields
of application such as travel time prediction, progjs after breast cancer surgery, fraud
detection and economics (see for example [39-4#f4t)is assumed that both the likelihood
and the prior of the parameters are Gaussianlaiséd (in which case the posterior also
becomes Gaussian), and if it is assumed that teeepor distribution of the parameters is
sharply peaked around its maximum, the evidencédeapproximated as the value at this
maximum times the width of the peak, which in thatiaariate case leads to the

expression

p(D|H,)=~ p(D 101" H,) p(6M" |H,)x det”? (A 0 )/ ) 4)

.

Best fit likelihood Occam factor
whered,"" equals thenost probable parameter vector for mode i.e. the parameter
vector that describes the maximum of the posterfig(64|D,Hg), which in this case equals
the mean of the distribution because of the Gansm'aumptionsﬁ.\(eq'\"P) is the Hessian

matrix which is used to estimate the width of tistribution and which is evaluated around

11



the maximun®,"'". The evidence of (4) can be interpreted as cangisf two elements,
the best fit likelihood and th@ccam factor, as indicated in (4) below the equation. A
higher best fit likelihood favors models that caplain the data well, i.e. that have a low
calibration error. However, if only this would bevestigated the overfitting problem would
occur as when the calibration error is used for @hsdlection (see 1.1.2). Therefore, the
model’s performance is penalized by the Occam faetbich is always smaller than 1 and
is named after Occam’s Razor [45]. A complex madél many parameters, each of
which is free to vary over a large range (whickeffected by the prior) will typically be
penalized by a larger Occam factor than a simptateh The Occam factor also penalizes
models which have to he finely tuned to fit theadabodels for which the required
precision of the parameters is coarse are fav@@d§]. The evidence thus naturally
reflects the trade-off between a good fit and atter§. Extensive literature is available on
the importance of this trade-off and other featufethe evidence [33,38,39,47-50].

Using the evidence, the posterior probability & émtire model can also be expressed.
An important assumptions then needs to be madesed world is assumed, i.e. the
models that are to be compared are consideredttoelaly possible models for explaining
car-following behavior, such that P(d) = 0. Thet filvat the ‘correct’ model for the
description of the car-following behavior may netih the list of models at all is ignored.
As MacKay notes, inference is normally open endethe scientific process new models
will be tested or developed to account for the dadh have been gathered [51].
Nevertheless, the closed world assumption heretaidspress posterior probabilities for
each of the considered models, which are meanimgftdmparison to each other. Under

this assumptions the normalization factor of (2) ba written as

12



P(D) =) P(H,)P(D|H,) ()

so that the posterior probability of one modglkequals

P(H, )P(D[H, )
> P(H,)P(D[H,)

P(H, ID)= ©)

Aggregated over all drivers, this mechanism candssl to see how well a model performs
relative to the other models for a group of driv@y taking the mean of (6) over all
individual drivers, an expression is found for grebability of a model compared to the

probability of all used models for an entire dripepulation.

2.2. Computing the evidence

In (4) an expression was found for the evidencentlain component in model
comparison. In this section, equations will beadtrced in order to compute this evidence.
As stated before, the prior and the likelihoodassumed to be Gaussian in order to be

able to approximate the evidence. Define the griobability as a multivariate Gaussian

with mean® and covariance matri, both of which are user-defined:

. exp(—;(e ~0) 5o -6))

(ZH)N/2|Z|1/2

(7)

whereN equals the number of parameters of the modelidfassumed that the noise of the
data is Gaussian distributed as well with mean aeacbstandard deviatian, the likelihood

functionp(D|0) can be defined as a univariate Gaussian [13]:

exp(— 1
20°
p(D|0)= |

i(vpred (k ,8 )_ Vobs 4( ))ZJ

2 K/2
0, ZIT)

(8)
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Where it is chosen to calibrate the models on the diféerbetween the predicted speed
Vpred(k,0) and the measured speeggi(k) over a series of time instarks (1,.. K).
Substituting (7) and (8) into (1) results in an expres&o the posterior distribution of the

parameters:

_ 1 13 . 2
p(el D) - Zpa_IK |z|112 ex% 20_2 ;(Vpred q( ’e) Vobs k)) J

@xp(—%(ﬂ—ﬁ () —6))

(9)

whereZ, is a constant.
In order to evaluate (4) the maximum of this posterioedgiired "), which can be
found by maximizing the logarithm of (9):
MP ) _
(9 )—argngaxlr(p(ﬂ D)

=argmax-E ¢ ) (10)
=arg rrginE 0)

whereE(0) is defined as
E(0) =KIn(g, ) +E,(0) +E,(0)
_1 oY s1({a_n
Ep(e)-z(e 0) =*(0-0) (11)

L i (Vpred (k! 9) - Vobs (k))z

E (0)= 202

Y2 have been omitted as these

Notice that in (11) the expressions resulting fignand |
do not depend o6 and therefore do not influence the minimizationhaf error function.
For the minimization many different approaches loarchosen [52,53]. In this paper the
Matlab toolboxfminunc is used, which uses the BFGS Quasi-Newton methéjd fanally

note that although a distribution of parameter &alis found for one driver, during

simulation the parameters are held constant fordoer.
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One unnatural artifact of the Gaussian assumptiothe parameters is that negative
values are then considered possible while manypeteas of the car-following models can
never be negative, such as reaction times, stogjigtgnces, et cetera. A heuristic solution
for such parameters is not to assume a normaihdisibn but dog-normal distribution. In
the optimization algorithm the natural logarithmtioé parameter is optimized rather than
the parameter itself. The resulting parameter veduethen never be negative.

For the evaluation of (4) the Hessiaris also needed. This is approximated
numerically using the Matlab DERIVEST toolbox. Fodetailed description of this
toolbox, see [55].

Finally, for the evaluation of the evidence a vdiethe standard deviation of the
likelihood functione; needs to be found, for which the derivaide0)/do is set to zero.

This leads to

07(0) = 3" (Ve (0) v, () (12)

3. EXPERIMENT

In the previous section a framework was presertatailows any car-following model
g to be calibrated and compared to other models fifstestep of this procedure is the
calibration for which any optimization method thia¢ user chooses can be used, leading to
a posterior distribution of the parameters of treeleiq denoted by(8|D,Hg). Using this
distribution, an expression can be obtained forstirealledevidence for modelq denoted
by p(D|Hg). By comparing the evidences for models multiplgthe user-defined prior
probabilityP(Hg) of modelg, the posterior probability for modgldenoted byP(HqD) can

be found.

15



In order to test the framework an experiment isdemted where seven different car-
following models are calibrated and compared uiiegBayesian framework. First, a brief

description of the used models is given.

3.1. Car-following modelsto be compared

In this paper a total of seven different car-folioggmodels of different complexity are
compared: four single-leader models (CHM, Helly,@¥nd IDM) and three multi-
anticipation models (Generalized Helly, Lenz and\HD

A data set of leading and following vehicles wataoted (see section 3.2). Each of the
models is used to predict the acceleration of dlewing vehicle at fixed time steps. Given
the speed of the following vehicle in the previdnge step and the predicted acceleration

of the vehicle, the new speed of the vehicle caprbdicted by

Vpred (t1 9) =V,

e (L~ A) +a(t — At,0)At (13)
which is used in (11) to compute the error forriedel.

In Table 1 a list of all models is given. In thesticolumn, below the model name,
references are included from which equations wbetaioed. In the second column the
equations to determine the acceleration are givethe equationav;(t) = v, —v; equals the
speed difference between followeand leadey, Av;(t) = vi —v; equals the approaching
rate,Axy(t) the net headway distance between a leader avltbavér at timet, Axy(t) the
gross headway distance afixi,(t) the net headway minus the sum of vehicle lengtlzdl

vehicles in between. The third column provides scdption of the parameters of the

model.

16



Table 1 Overview of the used models. References aiwen to the papers from which the equations

were obtained.

v(t)ay, (1)

AX (t)=s, +v(t)T +
1() S () Zm

Model Equation Parameters
CHM a(t,0) = jAv, (t - 1) y response parameter (1
(1] T reaction time (s)
Helly a(t,0) = alv, (t - 1) a response parameter (1/s)
[4] + ﬁ{ AX(t = 7) = AX*® ((t - 7) )} B response parameter (1/s
AX*®(V) = %, +Tv X, Stopping distance (m)
T minimum time headway ('
T reaction time (S)
OVM 2 ( X (t)) ~v(t) v, desired velocity (m/s)
[56] (t.o)=—> 7, speed relaxation time (
|, interaction length (m)
A -
Vi (Axn =—°{tanh(|—x”—ﬁ J_ tanl( L. )} B, shape factor (-)
IDM v(t) 4 () 2 a™ maximum acceleration (nfl/s )
[2] ¥ (t,0) =a™ ( j [ J b comfortable deceleration (ni/s
Vo x, (1) s,  netstopping distance (m)
T minimum time headway (s)
( ) S +v(t)T + V(t)AV‘i ( ) v, desired velocity (m/s)
2\/a™b
Generalized ul a, response parameter (1/s)
0)= A\ - 1
Helly-3-1" (1) ;a‘ v (t-7) a, response parameter (1/s)
[57] m, a, response parameter (1/s)
des _ 3
+Zﬁ i{ (t-7)-2x (V(t ))} B, response parameter (1/s
D= (V) = %, + [TV X, gross stopping distance (
T  minimum time headway (:
r reaction time (S)
Lenz-29 m Ax,  (t-1) k, response parameter (1/
[57] a(t.0) _;Ki {VE g'Jj ]_V(t _T)} k, response parameter (1/
. Y. response parameter (1/
V(8x) =y, |1+ ex 1000_ 10\ _ g a1 | | Vo desir_ed v_elocity (m/s)
yAx 2.1 r reaction time (s)
HDM | (VE=D) ] (t-7) V|| @™ maximum acceleration (nfls )
g/ad)dapted) a(t,0)=a 1—(V—OJ Z ( Ax,  (t- T)J comfortable deceleration (/s

b

S net stopping distance (m)
T minimum time headway (s)
v, desired velocity (m/s)

T reaction time (s)

3 Aswas described in 2.2 all parameters are kept positive assuming a log-normal distribution for equation
(10). This approach can however not be used to calculate the Hessian. The Hessian is numerically
approximated assuming Gaussian distributions. Both the IDM and HDM take the square root of a™h, which
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would give imaginary values if either is negative. To prevent this, both parameters are limited to a value of
0.01 only during the approximation of the Hessian, and only within the square root.

b) The speed difference with my leadersis considered and the distance to m, leadersis considered. In this
paper m; = 3and m, = 1 asthismodel hasthe highest number of best fits over several other combinationsin
a paper by Hoogendoorn et al. [57]. Although an important conclusion of Hoogendoorn et al. is the fact that
different values for m; and m, may apply to different drivers and to different situations (such as being behind
a truck and being unabl e to look ahead), the integer nature of these parameters prevents us fromincluding
them directly in the calibration. Consequently, this paper discusses the GH-3-1 model and not the GH model
in general.

° 9milar asin Hoogendoorn et al. [57], m= 2 is used, taking two |eadersinto account.

9 The HDM is a general framework that is applied here to the IDM. The HDM includes (1) finite reaction
time, (2) multi-anticipation, (3) estimation errors and (4) temporary anticipation. Both (1) and (3) introduce
instability while (2) and (4) introduce stability. A difficulty with (3) isthat it uses a stochastic auto-
correlation process. Estimating the state of the estimation error over time additional to estimating the
parameters would surely result in an overfitted model with large uncertainty of the parameters, as the
estimation error can absorb modeling errors. It istherefore chosen to exclude (3) fromthe HDM.
Additionally (4) is excluded aswell to balance the stabilizing factors.

For car-following models with reaction timgquantities (position, speed,
acceleration) are linearly interpolated based eir thearest neighbors if the reaction time
is not an integer multiple of the data time step:

t, -
At

L (t) (14)

t
z. (t
b3(1)+ At

Zys (t=Ot=T7) =

wheret; is the first time step befote- At —r andt; the first after.

For each of the models prior distributions neetdalefined. These prior distributions
are important to contain the parameters within imgécal range in case there is little
information in the data about the parameter. I ¢hsre is information about a parameter,
the likelihood-term of the error function (11) wilecome more dominant, allowing the
parameter to move away from its prior.

In order to obtain prior values a literature stuehs performed. Other calibration
studies have been used and the outcomes of paramakies of these studies were used as

a starting point for the calibration procedureto$ paper. Variances reported in the papers
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were used to formulate a covariance matrix. In caseariances were available for

parameters a large variance was used to reflectrtbertainty of the prior. The framework

will then (need to) place more trust on the datateNhat no covariance between

parameters is considered because numerical vatudd 1ot be found for all models in

literature. Inclusion of covariance between paramsetould lead models with better

predictions [58], but ignoring covariance does pravent the illustration of how the

framework can be applied. In Table 2 the chosenegére given, as well as the relevant

references from which these values were obtainetk Mhat ‘diag’ stands for a diagonal

matrix with the given values on the diagonal.

Table 2 Prior values for the parameter values of th car-following models

Model Parameters

CHM =(y,7)=(0.3,1.6

[1.10.12] > =diag( 0.2 ,0.4)

Helly (a,8,%.T7,7)=(0.3,0.08,20,1,1F
.12] =diag( 0.3 0.1 6 05,09

OVM (V z-v Ilnt’ﬁ) (16 1 4’7’2$

1561 diag( & 0.7 .9 1.9

IDM mxh g T, 1,0.5,7,1,2
o (a™b,5,T.%)=( B

diag( 0.2 02 3,02 2

Generalized Helly-3-1
[57]

diag( 0.3 ,0.1 ,01 ,0.08 %6 ,0%6 (3)

(@,,@,.@,B.,%,.T T)=(0.3,0.07,0.07,0.06,20,1,3

Lenz-2
[57]
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HDM (adapted)
[59,60]

(a™*b,5,.T V,,7)=(1,0.5,7,1,28,)

0=
3
0=
5=
0=
5=
6=
3
0
>
0
> =diag(0.2 0.2 3,02 2,05
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Finally, a prior for the entire model needs to hesen. In this paper, it is chosen to

assign equal priors to @& models, so thaP(H,) = P(H)Cq D(oﬂ,qz,...,qM )

3.2. Data collection

For the calibration and comparison a vehicle ttajgrcdata set is available for the A2
motorway in The Netherlands, near the city of Uttewhich was collected using a
helicopter [61]. The traffic state at the dataediion period was congested so that the cars
were mainly in car-following mode. The data covapproximately 500m of motorway
stretch; the data interval is 0.1s.

Both reaction time and multi-anticipation put dewisuon the evaluated data. A reaction
time requires some history before the first congdeime step and the multi-anticipation
requires a set of vehicles larger than two. Theti@a time is limited to a maximum @f.x
= 2s and the number of leaders is limited to a maxn of three, requiring a set of four
vehicles (quadruplet). The data has been filteodthtl episodes that obey the following
constraints:

1. The quadruplet composition should be fixed durhmgepisode and where each
of the four vehicles did not change lanes.

2. The effective episode duration (excluding, should at least be 15s.

3. The follower, i.e. the last vehicle of the quadeipshould experience a speed
change of at least 5 m/s within the episode taintelsome level of car-
following dynamics.

These constraints are similar as in [62]. The tasw set of 120 valid episodes (following

drivers) for calibration.
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The posterior distributions of the parameters efrtiodels were found after which the
posterior of the model was calculated for each rfmieeach driver. Note that theg
evidenceis used, as the denominator of (8) is taken tgtwveer ofK, which means that the
likelihood becomes very largedf<1 and very small i&;>1 in cas&K»1. Given that the
number of measurements and predictions is in ttieraf 150 to 350 for each driver, the

log of the evidence is used to prevent numerigalreiin the computations.

4. RESULTS

The results of the calibration are shown in TablEr8m this table the following

observations can be made:

1. All multi-anticipative models perform better thdretr single-leader counterpart. In
fact, Generalized Helly-3-1, which is the most céerpnodel (with additional
parameters for multiple leaders), performs besspie the lower Occam factor for
these model due to their higher complexity the enad indicates that multi-
anticipation models are to be preferred. Apparemtlyiti-anticipation is a
significant aspect of driver behavior.

2. Models without reaction time (OVM & IDM) perform wepoor. At least on a
microscopic scale, the reaction time is apparemsignificant aspect of car-
following. Remarkably, this is not necessarily taremacroscopic scale [60].

3. Models that include operations in the free regi@¥N, IDM, Lenz & HDM) have
lower evidence than models that only describe cam&d driving (CHM & Helly
models). The data that was used for calibrationcamaparison mainly contains the
car-following regime. Although the priors on thagaeters prevent the calibration

procedure to result in unreasonable values fop#tameters describing the free
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regime, these parameters still contribute to thea@cfactor. For the description of
car-following behavior in congested conditions gmhodels that include a free

regime contain unnecessary complexity, leadingweel evidence.

Table 3 Overview of all models and results of thevedence calculation for all 120 drivers

Model Leaders  Parameters Reactiontime Free regime P(H|D)
(A I
CHM 1 - 2 yes no 9.8 %
Helly 1 1 5 yes no 18.9 %
OVM - 1 4 no yes 0.3%
IDM 1 1 5 no yes 0.0 %
Gen. Helly-3-1 3 1 7 yes no 61.1 %
Lenz-2 - 2 5 yes yes 55%
HDM (adapted) 3 3 6 yes yes 4.4 %

Table 4 Optimal parameter values that result from he calibration. Parameters within one column with

equal shading have an equal physical meaning

Model Optimal parameter value (meantstandard deviation)
CHM y T
0.43+0.18 1.3610.45
Helly a B Xo T T
0.34+0.20 0.088+0.08 16.91+6.70 1.37+0.69 1.08+0.46
OVM Ty lint ﬁs Vo
3.42+1.25 15.80+9.38 2.04+1.10 23.27+6.15
IDM AR b Vo S T
0.84+0.37 0.99+0.34 28.44+2.09 10.84+4.94 0.81+0.38
Gen. Helly- g 02 03 b1 Xo T T
3-1 0.21+0.16 0.084+0.0790.064+0.074 0.077+0.063 19.58+6.38 1.18+0.66 1.18+0.34
Lenz-2 K1 K Vs Vo T
0.17+0.13 0.144+0.10 10.03+4.06 28.17+8.88 0.87+0.51
HDM am™ b Vo S T T
(adapted) 0.93+0.40 1.19+0.36 28.58+1.76 8.55+4.17 0.65+0.36 1.20+0.44

In Table 4 the parameter distributions over all #i#@ers (not to be confused with the
individual posterior distributions) are given bytimean and standard deviation. It is

interesting to note that parameters with equal jghysneaning have similar values
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between the models, as can be seen by comparinglilies with an equal gray shading
within one column of Table 4. Additional plausilbédations between models can be found.
For example, when the Helly and Generalized Hetya@mparedy ~ a1 + a, + a3 (equal
total sensitivity to speed difference). A relatibipsbetween the parameters of the OVM
and the Lenz-2 model can be found iny #/x; + x> (equal total sensitivity to optimized
velocity deviation). Remarkably= a; + a, + a3~ 1k, = k1 + k2, indicating that the optimal
velocity and the velocity of a leading vehicle appmate one another. However, the
optimal velocity is determined using 3 parametenengas the velocity of the leading
vehicle is given. This explains for some part wihy OVM and Lenz models perform
worse than the (Generalized) Helly model.

Figure 2 shows the distributions of the posteremameter values for all models over all
individual drivers. The two dotted lines indicalbe forior mean and posterior mean values.
As can be seen from the figures, most of the pammalues for individual drivers fall
within a reasonable range from the prior distribng, indicating that the parameter values
found in this study are generally close to thosmibin the literature. For a few parameters
this does not hold. For example, parambtiom the IDM has only 5 drivers for which the
most probable value falls below the prior mean.#-of the OVM this number is only 2
and forb of the HDM this number is even zero. ReasonsHigraould be that the prior for
7, was determined in different circumstances (Gerfiréane road in 1995) [56] and that
the priorb was determined partially with driver simulatoraatdditional to the same
dataset as in this study [59], which reduces tligeva

It can also been seen from Figure 2 that models avieaction time show a distribution

of ¢ with two peaks. One peak is generally found near 1.25%vanibther smaller peak is
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found near 0.4s. Different explanations can bergie¢ drivers have two modes of driving,
where the larger reaction time corresponds to a&melaxed driving style in congestion
and the lower reaction time a more aggressivemyistyle, b) the ‘true’ reaction time is
the lower one, and the larger reaction time isaatpasted due to a lack of appropriate data
in specific episodes, leading to reaction timethaéneighborhood of the priors, which fall
between 1.0 and 1.6s, c¢) the lower reaction tinie fact the same reaction time, but is the
result from multi-anticipation on a leader thahat included in the calibration. The latter
explanation can best be explained by the examplkiasated in Figure 1. The example
considers a following vehicle and two leaders.drecleader B suddenly brakes, both the
follower as well as leader A will respond with the2action timer; andr,. In case a single-
leader model is calibrated to such a situationrélsponse to the action of leader B will
only be noticed through the response of leadenA&aker,<t1, this could lead to a small
reaction time; both the follower as well as leaBletecelerate shortly after each other,
which the single-leader model explains by takingegy small reaction time, but which in
fact is the result of multi-anticipation. The adegbtcalibration procedure prevents negative
reaction times, so that in caser; this second peak cannot be seen. This phenomeamon c
also occur for models that do incorporate multi@pation due to responses to leaders

further away than the maximum number of leadersibdel considers.

Follower Leader A Leader B
4/7\
w - -

Figure 1 Example of multi-anticipation of a Followe and two Leaders
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Figure 2 Distributions of the most probable paramegr values over all 120 drivers for all models.
Axis titles have been omitted for readability; on he vertical axes the number of occurrences is plage

on the horizontal axis the value in the units thaare described in Table 1

5. DISCUSSION AND CONCLUSION

In this paper a Bayesian framework has been ugsezhfibrating and comparing car-
following models. This framework has several basejver existing calibration and
comparison frameworks that can be found in litemtivany ways of comparing models
do not take the complexity of the model into ac¢olihe Bayesian framework balances
how well a model fits to a calibration data setrwilte complexity of the model. This
prevents overly complex, overfitted models to besem. Opposed to alternative
frameworks that do take the complexity into accpaath as the Likelihood-Ratio Test,
any car-following model can be compared (or any madejeneral, the framework is not
restricted to car-following models). Furthermokes tomparison can be made on a single
data set; no separate validation data set is mgjultis is a very beneficial feature, as
obtaining two different data sets for one driveexpensive. In a different study the use of
the evidence was compared to the use of a validdataset [47], and it was concluded that
when datasets are small, the evidence framewonkidHte preferred over the use of a
separate validation set because it leads to equallychoices for models but better
predictions because more data is available foblon. Finally, the framework uses prior
distributions for parameters, which prevents patamsdo take on unrealistic values in case
no information is available in the data set on #pacific parameter.

In the experiment with seven different car-follogsimodels it is illustrated how the

framework can be applied. The Bayesian framewousexi to express the probability that
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a model is the correct model for the descriptiothefcar-following behavior of an
individual driver. Averaged over all drivers, thamework leads to a probability of a
model for the description of a group of driverstie case study of this paper, the
Generalized Helly (3-1) has a probability of 61%befng the correct model (compared to
the six other models), while the Helly model (19%g CHM (10%), Lenz with two
leaders (6%) and HDM (4%) are also probable. Thé/GW¥d the IDM have a very low
probability, which can be explained by their ladlageaction time. Based on these results,
it can be concluded that the reaction time is gooitant feature in the description of
microscopic car-following behavior. Furthermord,mabdels that include multi-anticipation
are more probable than their single-leader couatespFrom this result, it can be
concluded that multi-anticipation is a second intgatr feature in car-following behavior.
As the Bayesian framework leads to distributionbath entire models as well as the
parameters of models, an interesting possibilitergas: the framework can be used to set
up a heterogeneous micro-simulation. In such alsion, for each driver that is entered
into the network first a model is drawn using tielyabilities of Table 3. Then, for this
model parameters are drawn using the probabilifidsable 4. Note that for the second
step, the drawing from the posterior distributiahgs advisable to use the posterior
covariance between parameters as well, as reskascshown that there exists covariance
between parameters of car-following models [58)oligh the Hessian matrix that is
computed during the Bayesian analysis, a posteaeariance matrix of the parameters can
be obtained. The outcomes of such a heterogenenukaton are of course uncertain.

Future research will need to show any possiblefitsrand disadvantages.
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Future research will also need to investigate #rdopmance of the models and the
Bayesian framework in case covariance between geamis taken into account in the
prior distributions. This may lead to different paramelistributions and possibly better
performance [58]. Furthermore, future researchveiéd to investigate whether the more
complex models with a free driving regime perforettéer (receive a higher probability) on
a data set which contains both congested as wétadlow conditions.

Other benefits of the Bayesian approach that havéeen illustrated in this study are
the possibility to use the evidence to create anciti®e, and to construct prediction
intervals. A committee may improve the descriptdimdividual behavior (because it may
deal with the intra-driver differences), while ttiediction intervals may become useful
when predicting the trajectory of a single drivarfor example vehicle-to-vehicle or
vehicle-to-roadside architectures. Future studiisveed to investigate these benefits of

the Bayesian calibration framework.
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