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Preface

Traffic processes cause several problems in the world. Traffic delay, pollution are some of it. They can be
solved with the right road design or traffic management (control) measure. Before implementing these
designs of measures, though, their effect could be tested. To this end, knowledge of traffic flow theory is
needed.

This book is meant as learning book for students. To learn an engineering discipline, practising is
essential. One of the core qualities of this book, is that more than 250 practice questions (and answers)
are available. Therefore, this book can be used as material for courses.

The historical perspective is that the book is an end product of developing, using and continuously
improving the lecture notes at Delft University of Technology. I am grateful for the comments by
students, and the help of colleagues to this book; particularly for chapter 9, I have been following up
from material written by Marie-Jette Wierbos.

I believe that sharing this work can help students, lecturers and possibly practitioners. An online
version of the course Traffic Flow Theory and Simulation, including lectures given at Delft University
of Technology is freely and openly available via Open Courseware at TU Delft (https://ocw.tudelft.nl/,
search for traffic and you will find the course on https://ocw.tudelft.nl/courses/traffic-flow-theory-simulation/).
I believe in open access, and a community where knowledge is shared. The book is hence free to use,
and free to distribute to students.

The book is, like science, not finished. By now, it has reached a state of maturity that students highly
value the book as it is. Therefore, this is for me the time to share this work. I plan to have updates
to the book. If you have remarks — errors, additional request, things which are unclear — please let me
know at v.l.knoop@tudelft.nl.

The book is meant as introduction to the field of traffic flow theory. Only basic calculus is assumed
as base knowledge. For more in-depth knowledge, the reader can continue in other books, including;:

e May, A.D. Traffic flow fundamentals. 1990.
e Leutzbach, W. Introduction to the theory of traffic flow. Vol. 47. Berlin: Springer-Verlag, 1988.

e Daganzo, C.F. Fundamentals of transportation and traffic operations. Vol. 30. Oxford: Pergamon,
1997.

e Treiber, M., and A. Kesting. ”Traffic flow dynamics.” Traffic Flow Dynamics: Data, Models and
Simulation, Springer-Verlag Berlin Heidelberg (2013).

e FElefteriadou, L. An introduction to traffic flow theory. Vol. 84. New York, NY, USA: Springer,
2014.

e Ni, D. Traffic Flow Theory: Characteristics, Experimental Methods, and Numerical Techniques.
Butterworth-Heinemann, 2015.

Of course, there also is a vast, and ever expanding, body of scientific literature which the reader can use
as follow-up material.


https://ocw.tudelft.nl/
https://ocw.tudelft.nl/courses/traffic-flow-theory-simulation/
v.l.knoop@tudelft.nl
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Variables

This chapter describes the main variables which are used in traffic flow theory. Section 1.1 will show
the different levels (microscopic, macroscopic and other levels) at which traffic is generally described.
Section 1.2 will describe different principles (local, instantaneous and spatio-temporal) to measure the
traffic flow. The last section (1.3) describes traffic flow characteristics.

1.1. Levels of description

This section will show the different levels at which traffic is generally described. Sections 1.1.1 and 1.1.2
will discuss the variables in the microscopic and macroscopic descriptions in more detail.

In a microscopic traffic description, every vehicle-driver combination is described. The smallest
element in the description is the vehicle-driver combination. The other often used level of traffic flow
description is the macroscopic traffic description. Different from the microscopic description, this level
does not consider individual vehicles. Instead, the traffic variables are aggregated over several vehicles
or, most commonly, a road stretch. Typical characteristics of the traffic flow on a road stretch are the
average speed, vehicle density or flow (see section 1.1.2).Other levels of description can also be used,
these are described in the last section(see section 1.1.3).

1.1.1. Microscopic

In a microscopic traffic description, the vehicle-driver combinations (often referred to as “vehicles”, which
we will do from now on) are described individually. Full information of a vehicle is given in its trajectory,
i.e. the specification of the position of the vehicle at all times. To have full information on these, the
positions of all vehicles at all times have to be specified. A graphical representation of vehicle trajectories
is given in figure 1.1

The trajectories are drawn in a space time plot, with time on the horizontal axis. Note that vehicle
trajectories can never go back in time. Trajectories might move back in space if the vehicles are going
in the opposite direction, for instance on a two-lane bidirectional rural road. This is not expected on
motorways. The slope of the line is the speed of the vehicles. Therefore, the trajectories cannot be
vertical — that would mean an infinite speed. Horizontal trajectories are possible at speed zero.

Basic variables in the microscopic representation are speed, headway, and space headway. The speed
is the amount of distance a vehicle covers in a unit of time, which is indicated by v. Sometimes, the
inverse of speed is a useful measure, the amount of time a vehicle needs for to cover a unit of space;
this is called the pace p. Furthermore, there is the space headway or spacing (s) of the vehicle. The net
space headway is the distance between the vehicle and its leader. This is also called the gap. The gross
space headway of a (following) vehicle the distance including the length of the vehicle, so the distance
from the rear bumper of the leading vehicle to the rear bumper of the following vehicle. Similarly, we
can time it takes for a follower to get to reach (with its front bumper) the position of its leader’s rear
bumper. This is called the net time headway. If we also add the time it cost to cover the distance of
a vehicle length, we get the gross time headway. See also figure 1.2. The symbol used to indicate the
headway is h.

From now on, in this reader we will use the following conventions:
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Figure 1.2: The difference between gross and net spacing (or headway)

e Unless specified otherwise, headway means time headway

o Unless specified otherwise, headways and spacing are given as gross values

Figure 1.3 shows the variables graphically. The figure shows two vehicles, a longer vehicle and a
shorter vehicle. Note that the length of the vehicles remains unchanged, so the difference between the
gross and net spacing is the same, namely the vehicle length. However, the difference between the gross
and net time headway changes based on the vehicle speed.

In a trajectory plot, the slope of the line is the speed. If this slope changes, the vehicle accelerates
or decelerates. So, the curvature of the lines in a trajectory plot shows the acceleration or deceleration
of the vehicle. If the slope increases, the vehicle accelerates, if it decreases, it decelerates.

1.1.2. Marcoscopic

In a macroscopic traffic description, one does not describe individual vehicles. Rather, one describes for
each road section the aggregated variables. That is, one can specify the density k, i.e. how close in space
vehicles are together. Furthermore, one can specify the flow q i.e. The number of vehicles passing a
reference point per unit of time. Finally, one can describe the average speed u of the vehicles on a road
section. Other words for flow are thoughput, volume or intensity; we will strictly adhere to the term
flow to indicate this concept.

All of the mentioned macroscopic variables have their microscopic counterpart. This is summarized
in table 1.1. The density is calculated as one divided by the average spacing, and is calculated over
a certain road stretch. For instance, if vehicles have a spacing of 100 meters, there are 1/100 vehicles
per meter, or 1000/100=10 veh/km. The flow is the number of vehicles that pass a point per unit of
time. It can be directly calculated from the headways by dividing one over the average headway. For
instance, if all vehicles have a headway of 4 seconds, there are 1/4 vehicles per second. That means
there are 3600(s/h)/4(s/veh)= 900 veh/h. In table 1.1 units are provided and in the conversion from
one quantity to the other, one needs to pay attention. Note that provided units are not obligatory: one
can present individual speed in km/h, or density in veh/hm. However, always pay attention to the units
before converting or calculating.
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Figure 1.3: The microscopic variables explained based on two vehicles

Table 1.1: Overview of the microscopic and macroscopic variables and their relationship; the pointy brackets indicate the
mean.

Microscopic  symbol unit Macroscopic symbol  unit relation
3600
Headway h S Flow q vtg/h q=——
1080
Spacing s m Density k vtg/km k= )
Speed v m/s Average speed u km/u u=3.6(v)

Relation to the microscopic level

The average speed is calculated as an average of the speeds of vehicles at a certain road stretch. This
speed differs from the average speed obtained by averaging speed of all vehicles passing a certain point.
The next section explains the different measuring principles. The full explanation of the differences
between the two speeds and how one can approximate the (space) average speed by speeds of vehicles
passing a certain location is presented in section 4.4.

Another concept for a traffic flow, in particular in relation to a detector (see also section 1.2), is the
occupancy o. This indicates which fraction of a time a detector embedded in the roadway is occupied,
i.e. whether there is a vehicle on top of the detector. Suppose a detector has a length Ly and a vehicle
a length of L;. The occupancy is defined as the time the detector is occupied, Toccupiea divided by all
time, i.e. the time it is occupied and time is is not occupied 7,0t gccupied

0= Toccupied (1 1)
Toccupicd + Thot occupied

The occupation time can be derived from the distances and the speed. The distance the vehicle has to
cover from the moment it starts occupying the detector up to the time it leaves the detector is its own
length plus the length of the detector. Hence, the occupancy time is

Li + Laet

. (1.2)

Toccupied =

Once the first vehicle drives off the detector, the distance for the following vehicle to reach the detector
is the gap (i.e., the spacing minus the length of the vehicle) between the vehicles minus the length of the
detector. The amount of time this takes is

S —L;j — Lget

T (1.3)

t ied =
not occupie v

Substituting the expressions for the occupancy time and the non-occupancy time into equation 1.1
and rearranging the terms, we get
_ Li+ Laes

N

0 (1.4)



In practice, the detector length is known for a certain road configuration (usually, there are country
specific standards). So assuming a vehicle length, one can calculate the spacing, and hence the density,
from the occupancy.

1.1.3. Other levels

Apart from the macroscopic and microscopic traffic descriptions, there are three other levels to describe
traffic. They are are less common, and are therefore not discussed in detail. The levels mentioned here
are mainly used in computer simulation models.

Mesoscopic

The term mesoscopic is used for any description of traffic flow which is in-between macroscopic and mi-
croscopic. It can also be a term for simulation models which calculate some elements macroscopically and
some microscopically. For instance, dynasmart Dynasmart (2003), uses such a mesoscopic description.

Submicroscopic

In a submicroscopic description the total system state is determined by the sub levels of a vehicle and/or
driver. Processes which influence the speed of a vehicle, like for instance mechanically throttle position
and engine response, or psychologically speed perception, are explicitly modelled. This allows to explicitly
model the (change in) reaction on inputs. For instance, what influence would cars with a stronger engine
have on the traffic flow.

Network level

A relatively new way of describing the traffic state is the network level. This has recently gained attention
after the publication by Geroliminis and Daganzo (2008). Instead of describing a part of a road as smallest
element, one can take an area (e.g. a city center) and consider this as one unit. Chapter 12 is devoted
to this description.

1.2. Measuring principles

Whereas the previous sections described which variables are used to describe traffic flow, this section
will introduce three principles of measuring the traffic flow. These principles are local, instantaneous
and spatio-temporal.

1.2.1. Local

With local measurements one observes traffic at one location. This can be for instance a position at
the roadway. To measure motorway traffic, often inductive loops are used. These are coils embedded in
the pavement in which a electrical current produces a (vertical) magnetic field. If a car enters or leaves
this magnetic field, this can be measured in the current of the coil. Thus, one knows how long a loop
is occupied. In the US, usually single loops are used, giving the occupancy of the loop. Using equation
1.4, this can be translated into density. The detectors also measure the flow. As will be explained later
in section 4.1, this suffices to completely characterise the traffic flow.

This determination of densitybuilds upon the assumption of the vehicle length being known. One
can also measure the length of a vehicle for passing vehicles, using dual loop detectors. These are
inductive loops which are placed a known short distance (order of 1 m) from each other. If one measures
carefully the time between the moment the vehicle starts occupying the first loop and the moment it
starts occupying the second loop, one can measure its speed. If its speed is known, as well as the time
it occupies one loop, the length of the vehicle can also be determined.

1.2.2. Instantaneous

Contrary to local measurements, there are instantaneous measurements. These are measurements which
are taken at one moment in time, most likely over a certain road stretch. An example of such a measure-
ment is an areal photograph. In such a measurement, one can clearly distinguish spatial characteristics,
as for instance the density. However, measuring the temporal component (flow) is not possible.
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1.2.3. spatio-temporal measurements

Apart from local or instantaneous measurements, one can use measurements which stretch over a period
of time and a stretch of road. For instance, the trajectories in figure 1.1 are an example thereof. This
section will introduce Edie’s definitions of flow, density and speed for an area in space and time.

A combination of instantaneous measurements and local measurements can be found in remote sensing
observations. These are observations which stretch in both space and time. For instance, the trajectories
presented in figure 1.1 can be observed using a camera mounted on a high point or a helicopter. One
can see a road stretch, and observe it for a period of time.

Measuring average speed by definition requires an observation which stretches over time and space.
At one location, one cannot determine speed, nor at one moment. One needs at least two locations close
by (several meters) or two time instances close by. Ignoring these short distances one can calculate a
local mean speed based on speeds of the vehicles passing by location. Ignoring the short times, one can
calculate the time mean speed from the speed of the vehicles currently at the road. At this moment, we
suffice by mentioning these average speeds are different. Section 4.4 will show how the space mean speed
can be approximated from local measurements.

Figure 1.4 shows the same trajectories as figure 1.1, but in figurel.4 an area is selected. Trajectories
within this area in space and time are coloured red. Note that an selected area is not necessarily square.
It is even possible to have a convex area, or boundaries moving backwards and forwards in time. The
definitions as introduced here will hold for all types of areas, regardless of their shape in space-time.

Let us consider the area X. We indicate its size by Wy, which is expressed in km-h, or any other unit
of space times time. For all vehicles, we consider the distance they drive in area X, which we call dy ;.
Adding these for all vehicles i gives the total distance covered in area X, indicated by TD:

TD = Z dy; (1.5)

all vehicles i

For a rectangular area in space and time, the distance covered might be the distance from the upstream
end to the downstream end, but the trajectory can also begin and/or end at the side of the area, at a
certain time. In that case, the distance is less than the full distance.

Similarly, we can define the time a vehicle spends in area X, tx;, which we can sum for all vehicles i
to get the total time spent in area X, indicated by TT.

TT = Z tri (1.6)
all vehicles i

Obviously, both quantities grow in principle with the area size. Therefore, the traffic flow is best
characterised by the quantities TD /Wy and TT/Wy. This gives the flow and the density respectively:

TD

q = — (1.7)
Wy
TT

k = WX (18)

Intuitively, the relationship is best understood reasoning from the known relations of density and
flow. Starting with a situation of 1000 veh/h at a cross section, and an area of 1 h and 2 km. In 1 hour,
1000 vehicles pass by, which all travel 2 kilometres in the area (There the vehicles which cannot cover
the 2 km because the time runs out, but there are just as many which are in the section when the time
window starts). So the total distance is the flow times the size of the area: TD = qWy. This can be
simply rewritten to equation 1.8.

A similar relation is constructed for the density, considering again the rectangular area of 1 hour
times 2 kilometres. Starting with a density of 10 veh/km, there are 20 vehicles in the area, which we
all follow for one hour. The total time spent, is hence 10¥2*1, or TT = kWy. This can be rewritten to
equation 1.8.

The average speed is defined as the total distance divided by the total time, so

TD

“TTT
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Areain space and time

Figure 1.4: Vehicle trajectories and the selection of an area in space and time

The average travel time over a distance I can be found as the average of the time a vehicle travels

over a distance [. In an equation, we find:
l 1
(tty ={—=)=1{- (1.10)
v v

In this equation, tt indicates the travel time and the pointy brackets indicate the mean. This can be
measured for all vehicles passing a road stretch, for instance at a local detector. Note that the mean
travel time is not equal to the distance divided by the mean speed:

1
*1— (1.11)

1
(tt) = l<; W

In fact, it can be proven that in case speeds of vehicles are not the same, the average travel time is
underestimated if the mean speed is used.

1 1
(tty = z<;> <l (1.12)

The harmonically averaged speed (i.e., 1 divide by the average of 1 divided by the speed) does provide
a good basis for the travel time estimation. In an equation, we best first define the pace, p;:

1
= — 1.1
Pi= (1.13)

The harmonically averaged speed now is

1
=— 1.14
: (1.14)
vi
The same quantity is required to find the space mean speed. Section 4.4 shows the difference qualitatively.
In short, differences can be several tens of percents.

1
<v)harmonically = (PT)

1.3. Stationarity and homogeneity

Traffic characteristics can vary over time and/or over space. There are dedicated names for traffic if the
state does not change.

Traffic is called stationary if the traffic flow does not change over time (but it can change over space).
An example can be for instance two different road sections with different characteristics. An example is
given in figure 1.5(a), where there first is a low speed, then the speed of the vehicles is high.
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Traffic is called homogeneous if the traffic flow does not change over space (but it can change over
time). An example is given in figure 1.5(b),where at time 60 the speed decreases at the whole road section.
This is much less common than the stationary conditions. For this conditions to occur, externally the
traffic regulations have to change. For instance, the speed limits might change at a certain moment in
time (lower speeds at night).

Selected problems
For this chapter, consider problems: 5, 6, 162, 172, 173, 174, 175, 196, 217, 232, A.10.3, A.11.3






Headway models

This section discusses headway models. In this chapter, the headway is always the time headway.

2.1. Relation between headway and capacity

The headway distribution describe which headways can be observed with which probability. One might
argue that this is related to the flow, since the average headway is the flow. The flow is determined
by the demand. However, in the bottleneck the flow is determined by the minimum headway at which
drivers follow each other. Or in other words, the headway distribution determines the capacity in the
bottleneck. Suppose the headway distribution is given by P(h). Then, the average headway can be
determined by

inf
(h) = f hP(h)dh (2.1)
0

This is a mathematical way to describe the average headway once the distribution is given. The flow in
the active bottleneck, hence the capacity is inverse of the mean headway, see table 1.1:

C= 1/ <hb0ttleneck) (22)

The number of vehicles arriving in a certain period could be a useful measure. This holds for instance
for traffic lights, where the number of arrivals per red period is relevant. As illustrated in figure 2.1,
there could be different lanes for different directions at a traffic light. The idea is that the traffic towards
one direction will not block the traffic to other directions, hence, the length should be long enough to
allow the number of vehicles in the red period. The average number of vehicles in a red period can

Figure 2.1: A queuing area. The orange coloured vehicles turn right, whereas the blue ones continue straight
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Table 2.1: The different processes and the underlying assumptions

Process characteristic Headway dist Dist of nr of arrivals per interval
Independent arrivals Exponential Poisson

Correlated arrivals Binomial

Negatively correlated arrivals Negative binomial

Table 2.2: Overview of the means and variances of the different distribtions. In this table, g is the flow in the observation
period, p is the probability of including the observation in the period.

Distribution Mean Variance
Poisson q q =mean
Binomial np np(1—p) <mean

Negative binomial n(1—p)/p n(1—p)/p? >mean

be determined from the flow. However, mostly requirements are that in p% of the red times (under
a constant demand) the queue should not exceed the dedicated lane. In that case, the distribution of
number of arrivals in that period can form the basis for the calculations.

2.2. Arrivals per interval

This section describes the number of arrivals per time interval. For different conditions, this distribution
is different. Table 2.2 gives an overview of the distributions described in this section, and gives some
characteristics. One should differentiate between the probability of number of arrivals (a macroscopic
characteristic, based on aggregating over a certain duration of time), described in this section, and the
probability of a headway (a microscopic characteristic, described in section 2.3).

2.2.1. Poisson
The first distribution function described here is the Poisson distribution. One will observe this distri-
bution function once the arrivals are independent (see also section 2.3.1). The resulting probability is
described by a so-called Poisson distribution function. Mathematically, this function is described by:
q*
=k) = —e 4
PX=k)= e (2.3)

This equation gives the probability that k vehicles arrive if the average arrival rate per period is q. Hence
note that one needs to rescale g to units of number of vehicles per aggregation period!

As example, consider a flow of 600 veh/h with independent arrivals. What is the probability to have
7 vehicles arriving in a period of 30 seconds? Answer: we first rescale the flow to the same interval as the
period of interest, i.e. 30 seconds. We find g=600 veh/h = 5 veh/30 seconds. Now, applying equation
2.3, we find the probability of finding 7 vehicles in the observation interval:

7

5
P(X=7)=—re™®=0104 (2.4)

Poisson distribution function

I flow=100 vehvh
06 I flow=200 vetvh |
[ flow=500 veh/h
051 [ flow=1000 vetvh | |
’ [Iflow=1500 veh/h

Probability density function

o 1 2 3 4 5 6 7 8 9 10
Number of vehicles

Figure 2.2: Example of the Poisson distribution for different flow values; the flow is indicated in veh/h, and these are the
probabilities for arrivals in 15 seconds
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Figure 2.4: Examples of the binomial distribution function for the number of arrivals in an aggregation period

So in this example, there is a 10.4% chance that 7 vehicles arrive in this period.

Figure 2.2 shows examples of the Poisson distribution. Note that for low values of the flow (expected
value smaller than 1), the probability is decreasing. If the flow is higher, there is a maximum probability
at a number of arrivals which is at a higher value than 1.

Figure 2.3 shows the best fits of this distribution on real life data. This distribution is accurate if the
flow is low, and is not so good if the flow increases. This is because once the flow is high, the assumption
of independent arrivals does not hold any more. Once vehicles are bound by the minimum headway, the
arrivals are not independent any more. This restriction come more into play once the flow is high.

2.2.2. Binomial

The binomial distribution can be used if there are correlations between the arrivals. For instance on busy
roads, one can expect that more vehicles drive at a minimum headway. Whereas in case of the Poisson
distribution, the variance of the distribution was equal to the mean, in this case the variance is smaller
(since more drivers drive at a certain headway). The mathematical equation describing the function is:

P =k = ( okt —py (2.5)

The idea behind the distribution is that one does n tries, each with an independent success rate of p.
The number of successes is k. The mean of the distribution is np, see table 2.2. A certain flow specifies
the mean of the arrivals, which hence determines np. This gives a freedom to choose n or p, by which one
can match the spread of the function. The number of observations in the distribution can never exceed
n, so an reasonable choice of n would be the interval time divided by the minimum headway. Figure 2.4
shows examples of the binomial distribution function.

Note that the variance of the binomial function is smaller than the Poisson distribution for the same
flow. This can be a reason to choose this function.

2.2.3. Negative binomial

The negative binomial distribution can be used if there are negative correlations between the arrivals. In
traffic this happens for instance downstream of a signalised intersection. If one observes several vehicles
at a short headway, one gets a larger probability that net next headway will be large because the traffic
light will switch to red.
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Figure 2.5: Example of the negative binomial function for the number of arrivals in an aggregation period
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Figure 2.6: The probability density function for headways according to the exponential distribution for different flow values

The probability distribution function for the number of observed vehicles in an aggregation interval
is:

k -1
px=k=("" " W -py (2.6)

This distribution describes when one observes individual and independent process with a success rate of
p. One observes so until r failures are observed. X is the stochast indicating how many successes are
observed.

Figure 2.5 shows the value of this function for different parameter sets. Note that the variance
(and hence standard deviation) be set independently from the mean, like in the binomial distribution
function. for this distribution (see table 2.2), the mean is given by n(1 —p)/p, and the variance is given
by n(1 — p)/p?, which is the mean divided by p. Since p is a probability and has a value between 0
and 1, we can derive that the variance is larger than the mean. A larger variance is what one would

intuitively expect downstream of a signalised intersection. This characteristic can be used to have an
idea of the distribution to use.

2.3. Headway distributions

In this section the exponential headway distribution is described, used with independent arrivals, and
composite headway models.

2.3.1. Exponential
The first distribution is the exponential distribution, shown in figure 2.7. This is defined by:

P(hlq) = qexp—qh (2.7)

Note that this equation has a single parameter, being the flow q. That is the inverse of the average
headway. The underlying assumption of this distribution is that all drivers can choose their moment of
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Figure 2.7: Example of the composite headway distribution and its estimation for real life data

arrival independently. Consider that each (infinitesimal small) time step a driver considers to leave with
a fixed probability. One then gets a exponential distribution function for the headway.

This is a very good assumption on quiet roads, when there are no interactions between the vehicles.
The interactions occur once vehicles are limited in choosing their headway, mostly indicated by the
minimum headway. An illustration how this works out for a real life case is shown in figure 2.3 for the
number of arrivals (see section 2.2.

The only good way to test whether the exponential data describes the data one observes is to do a
proper statistical test (e.g., a Kolmogorov—Smirnov test). There are also rules of thump. A characteristic
for this distribution is that the standard deviation is equal to the mean. If one has data of which one
thinks the arrivals are independent and this criterion is satisfied, the arrivals are very likely to be
exponentially distributed.

This distribution function for the headways matches the Poisson distribution function for the number
of arrivals.

2.3.2. Composite headway models
Whereas the exponential distribution function works well for low flows, for higher flows the distribution
function is not very good. For these situations, so called composite headway distributions are being
used (see for more information Hoogendoorn (2005)). The basic idea is that a fraction of the traffic ® is
driving freely following a headway distribution function Py, (h). The other fraction of the traffic 1 —® is
driving constraint, i.e., is following their leader, and have a headway distribution function P.,,siraint (R)-
In a composite headway distribution, these two distribution functions are combined. The combined
distributino function can hence be expressed as

P(h) = ®Pyee(h) + (1 — ®)Poonstraint (1) (2.8)

Given the reasoning in section 2.3.1, it would make sense to choose an exponential distribution function
for the free headways.

A plot of the headway distribution function (in fact, a survival function of the headway, i.e. 1- the
cumulative distribution function) is shown in figure 2.7. The vertical axis is a logarithmic axis. Note
that in these axis the exponential distribution function is a straight line. That is what is observed for
the large headways. For the smaller headways (in the figure, for less then 7 seconds) this does not longer
hold. This is due to the limitation of following distance. As the figure shows, this can be determined
graphically.

2.4. Critical gap

The critical gap is the smallest gap (time gap) that a vehicle accepts to go into. Some examples are
given in section 2.4.1. The relation with the inflow capacity is discussed in section 2.4.2.
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(a) Turning onto a road which has priority (b) Overtaking

2.4.1. Situations

Examples of situations where the critical gap is relevant, are turning onto a road where one has to give
priority, overtaking, merging into the traffic stream or lane changing. Some of them are shown in figure
2.8(b).

The critical gap is defined in the flow. Note that the critical gap differs per person, as well as per
situation. One might have a small critical gap to merge into a traffic stream moving at slow speed.

For overtaking, the critical gap (measured in headway in the opposite traffic stream) needs to be
larger because the traffic is moving in the opposite direction. For instance, if a driver spends 3 seconds
on lane of the opposing traffic for an overtaking manoeuvre, during that time the opposing vehicles also
move in the direction of the overtaking vehicle. To find the critical (time) gap, one needs to consider
the distance the overtaker uses at the other lane (overtaking time times speed) — this is the space the
overtaker would need if the opposing vehicles were stationary. To this, one should add the distance the
opposing traffic moves in the overtaking time (overtaking time times the speed of the opposing vehicles).
This combined distance gap (plus arguably a safety margin) can be translated into a time gap. Since
one measures the gap as headway in the opposing traffic, one needs to divide the required space gap by
the speed of the opposing traffic.

2.4.2. Inflow capacity

Consider the situation as in figure 2.8(a). Consider that the main line traffic (traffic from left to right)
has a headway distribution of P(h), and there is an infinete line of vehicles waiting to enter the road,
all with an critical gap gc. One can calculate how many vehicles can enter the road per unit of time, as
will be shown below.

We know that for certain gaps, vehicles can enter. The first step is to find the number of gaps which
pass per unit of time. That equals the number of vehicles (each vehicle causes one new gap). The number
of vehicles per unit of time is the flow, which is the inverse of the mean of the headway, which in turn
can be calculated from the headway distribution.

Then, for all headways larger than the critical gap, but smaller than twice the critical gap one vehicle
can enter. The frequency that this happens is the flow (=gap rate) times the probability that the gap
is this size, determined from integrating the probability density function of the headway over the right
headways:

Ting vohicle = qf c29¢pP(h)dh (2.9)
g

The probability that in one gap two vehilces can enter is the integral of the probability density
function for the headways from twice the critical gap to three times the critical gap. The rate at which
gaps these gaps occur is the flow g, so the rate at which these gaps occur is q f:;cc P(h)dh. Per gap, two
vehicles enter, so the matching inflow is

3gc¢
qin2 vehicles qu P(h)dh (210)

2gc
One can continue this reasoning and find an equation for the inflow:
(n+1)gc

qintotal = Z (qinn vehicles) = Z nq f P(h’)dh (211)
n n

ngc

This can numerically be evaluated.
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Figure 2.8: The inflow onto a road (or roundabout) as function of the main road (roundabout) traffic — figure from Fortuijn
and P. (2015)

Typically, one would expect the headway in the order of twice the minimum headway. Namely,
after merging, one would like to have at least a minimum headway upstream (lag gap) and a minimum
headway downstream (lead gap).

In the calculation of the maximum inflow, the headway distribution function plays an important role.
As extreme example, suppose that all headways are equal at 99% of the critical gap. Then, the flow is
at about half the capacity of the road, but the inflow is 0. For different distribution functions it can
be calculated what is the maximum inflow on the main road. This is shown in figure 2.8 for different
functions. It shows that the inflow capacity decreases with the main road flow. However, the precise
type of distribution matters less: the graphs for the different distribution functions are quite similar.

Selected problems
For this chapter, consider problems: 38, 39, 40, 160, 186, 187, 231, 239
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Cumulative curves

This chapter discusses cumulative curves, also known as cumulative flow curves. The chapter first defines
the cumulative curves (section 3.1), then it is show how traffic characteristics can be derived from these
(section 3.2). Section 3.4 shows the application of slanted cumulative curves.

3.1. Defenition

The functionN, (t) is defined as the number of vehicles that have passed a point x at time t and is only
used for traffic into one direction. Hence, this function only increases over time. Strictly speaking, this
function is a step function increasing by one every time a vehicle passes. However, for larger time spans
and higher flow rates, the function is often smoothed into a continuous differentiable function.

The increase rate of this function equals the flow:

dN
2 — 1 (3.1)

Hence from the flow, we can construct the cumulative curve:

N = f qdt (3.2)

This gives one degree of freedom, the value to start at. This can be chosen freely, or should be adapted
to cumulative curves for other locations.

3.2. Vertical queuing model
A vertical queuing model is a model which assumes an unlimited inflow and and an outflow which is
restricted to capacity. The vehicles which cannot pass the bottleneck are stacked “vertically” and do not
occupy any space. Figure 3.1 illustrates this principle.

Let us now study the dynamics of such a queue. We discretize time in steps of duration At, referred
to by index t. The demand is externally given, and indicated by D. At time steps t we compute the flow
into and out of the stack (the number of vehicles in the stack indicated as S). In between the time steps,

Siio
el oo
66  ©© oo

Figure 3.1: Illustration of a vertical queue
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Cumulative curves
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Figure 3.2: Demand and cumulative curves

indicated here as t + 1/2, the number of vehicles in the stack is updated based on the flows q. Then,
the stack provide the basis for the flows in the next time step.
The stack starts at zero. Then, for each time step first the inflow to the stack is computed.

Qint = D (33)

and the stack is updated accordingly, going to an intermediate state at time step t+1/2. This intermediate
step is the number of vehicles in the queue if there were no outflow, so the original queue plus the inflow:

St4172 = St T qinAt (3.4)

Then, the outflow out of the stack (goy¢) is the minimum of the number of vehicles in this intermediate
queue and the maximum outflow determined by the capacity C:

Qout = min{CAt, Si+1/2} (35)
The stack after the time step is then computed as follows

Si+1 = Six1/2 — QoutAt = Si + (Qini — Gous,i) At (3.6)

Let us consider a situation as depicted in figure 3.1, and we are interested in the delays due to the
bottleneck with a constant capacity of 4000 veh/h. The demand curve is plotted in figure 3.2(a). The
flows are determined using the vertical queuing model . The flows are also show in figure 3.2(a). Note
that the area between the flow and demand curve where the demand is higher than the flow (between
approximately 90 to 160 seconds), is the same as the area between the curves where the flow is higher than
the demand (between approximately 160 and 200 seconds). The reasoning is that the area represents a
number of vehicles (a flow times a time). From 90 to 160 seconds the demand is higher than the flow,
i.e., the inflow is higher than the outflow. The area represents the number of vehicles that cannot pass
the bottleneck, and hence the number of queued vehicles. From 160 seconds, the outflow of the queue is
larger than the inflow. That area represents the number of vehicles that has left the queue, and cannot
be larger than the number of vehicles queued. Moreover, the flows remains at capacity until the stack is
empty, so both areas must be equal.

3.3. Travel times, densities and delays

This section explains how travel times and delaysDelay can be computed using cumulative curves. Note
that this methodology does not take spillback effects into account. If one requires this to be accounted
for, please refer to shockwave theory (chapter 5).
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3.3.1. Construction of cumulative curves

The cumulative curves for the above situation is shown in figure 3.2(b). The curves show the flows as
determined by the vertical queuing model. The for the inflow we hence use equation 3.3 and for the
outflow we use 3.5; for both, the cumulative curves are constructed using equation 3.2.

3.3.2. Travel times, number of vehicles in the section

A black line is drawn at t = 140s in figure 3.2(b) . The figure shows by intersection of this line with the
graphs how many vehicles have passed the upstream point x1 and how many vehicles have passed the
downstream point x2. Consequently, it can be determined how many vehicles are in the section between
x1 and x2. This number can also be found in the graph, by taking the difference between the inflow and
the outflow at that moment. This is indicated in the graph by the bold vertical black line.

Similarly, we can take a horizontal line; consider for instance the line at N = 150. The intersection
with the inflow line shows when the 150th vehicle enters the section, and the intersection with the outflow
line shows when this vehicle leaves the section. So, the horizontal distance between the two lines is the
travel time of the 150th vehicle. At times where the demand is lower than the capacity, the vehicles have
a free flow travel time. So without congestion, the outflow curve is the inflow curve which is translated
to the right by the free flow travel time.

The vertical distance is the number of vehicles in the section (AN)at a moment t. In a time period
dt this adds ANdt to the total travel time (each vehicle contributes dt). To get the total travel time, we
integrate over all infinitesimal intervals dt:

tt = fAth (3.7

The horizontal distance between the two lines is the travel time for one vehicle, and vertically we find
the number of vehicles. Adding up the travel times for all vehicles gives the total travel time:

tt = Z tt; (3.8)

i

In a continuous approach, this changes into
tt =fttidi (3.9)

Both calculation methods lead to the same interpretation: the total time spent can be determined
by the area between the inflow and outflow curve.

3.3.3. Delays

Delays for a vehicle are the extra time it needs compared to the free flow travel time. so to calculate
delay, one subtracts the free flow travel time from the actual travel time. To subtract the free flow travel
time from the travel time, we can graphically move the outflow curve to the left, as is shown in figure
3.3(a). For illustration purposes, the figure is zoomed at figure 3.3(b). The figure shows that if the travel
time equals the free flow travel time, both curves are the same, leading to 0 delay.

Similar to how the cumulative curves can be used to determine the travel time, the moved cumulative
curves can be used to determine the delay. The delay for an individual vehicle can be found by the
horizontal distance between the two lines. The vertical distance between the two lines can be interpreted
as the number of vehicles queuing. The total delay is the area between the two lines:

D= f tt; — ttiree flowdi (3.10)

This is the area between the two lines. If we define Ny,eue @s the number of vehicles in the queue at
moment t, we can also rewrite the total delay as

D= fzvqueue(t)dt (3.11)
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Moved cumulative curves

Moved slanted cumulative curves
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Figure 3.3: Determining the delay and the flows from cumulative curves

3.4. Slanted cumulative curves

Slanted cumulative curves or oblique cumulative curves is a very powerful yet simple tool to analyse
traffic streams. These are cumulative curves which are off set by a constant flow:

1\7=fq—%df—f%dt=fth—f%dt

This means that differences with the freely chosen reference flow q, are amplified: in fact, only the
difference with the reference flow are counted. The best choice for the reference flow q, is a capacity
flow.

(3.12)

Figure 3.3(b) shows the slanted cumulative curves for the same situation as in figure 3.3(a). The
figure is off set by qo = 4000 veh/h. Because the demand is initially lower than the capacity, N reaches
a negative value. From the moment outflow equals capacity, the slanted cumulative outflow curve is
constant. Since the demand is higher than the capacity, this increases. At the moment both curves
intersect again, the queue is dissolved.

The vertical distance between the two lines still shows the length of the queue, Ngyeye- That means
that equation 3.10 still can be applied in the same way for the slanted cumulative curves, and the delay
is the area between the two lines.

Slanted cumulative curves are also particularly useful to determine capacity, and to study changes
of capacity, for instance the capacity drop (see section 7.2). In that case, for one detector the slanted
cumulative curves are drawn. By a change of the slope of the line a change of capacity is detected. In
appendix C a Matlab code is provided by which cumulative curves can be made, and which includes the
computation of several key performance indices.

3.5. Practical limitations

Cumulative curves are very useful for models where the blocking of traffic does not play a role. For
calculating the delay in practise, the method is not very suitable due to failing detectors. Any error
in the detection (a missed or double counted observation), will change one of the curves and will offset
the cumulative flow, and this is never corrected; this is called cumulative drift. Recently, an algorithm
has been proposed to check the offsets by cross checking the cumulative curves with observed travel
times (Van Lint et al., 2014). This is work under development. Moreover, some types of detectors will
systematically miscount vehicles, which makes the above-mentioned error larger.

Apart from their use in models, slanted cumulative curves are very powerful to show changes in
capacity in practise.
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3.6. Example application

Consider a road with a demand of:

3600v/h for t < 1h
Gin = {5000v/h for 1h < t < 1.5h (3.13)
2000v/h for t > 1.5h

The capacity of the road is 4000 veh/h. A graph of the demand and capacity is shown in figure 3.4.

1. Construct the (translated=moved) cumulative curves
2. Calculate the first vehicle which encounters delay (N)

Calculate the time at which the delay is largest

- W

Calculate the maximum number of vehicles in the queue

ot

Calculate the vehicle number (N) with the largest delay
Calculate the delay this vehicle encounters (in h, or mins)
Calculate the time the queue is solved

Calculate the last vehicle (N) which encounters delay

© » 3 e

Calculate the total delay (veh-h)

10. Calculate the average delay of the vehicles which are delayed (h)

This can be answered by the following;:

1. For the cumulative curves, an inflow and an outflow curve needs to be constructed; both increase.
For the inflow curve, the slope is equal to the demand. For the outflow curve, the slope is restricted
to the capacity. During the first hour, the demand is lower than the capacity, hence the outflow is
equal to the demand. From t=1h, the inflow exceeds the capacity and the outflow will be equal to
the demand. The cumulative curve hence increases with a slope equal to the capacity. As long as
there remains a queue, i.e. the cumulative inflow is higher than the outflow, the outflow remains at
capacity. The outflow remains hence increasing with a slope equal to the capacity until it intersects
with the cumulative inflow. Then, the outflow follows the inflow: see figure 3.5(a) and for a more
detailed figure 3.5(b).

2. The first vehicle which encounters delay (N) Delays as soon as q>C: so after 1h at 3600 v/h =
3600 vehicles.
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Figure 3.5: Cumulative curves for the example

10.

The time at which the delay is largest: A queue builds up as long as q>C, so up to 1.5 h. At that
moment, the delay is largest

The maximum number of vehicles in the queue: 0.5 h after the start of the queue, 0.5*5000=2500
veh entered the queue, and 0.5%4000=2000 left: so 500 vehicles are in the queue at t=0.5h

The vehicle number (N) with the largest delay: N(1.5h)=3600+0.5*5000 = 6100

The delay this vehicle encounters (in h, or mins): It is the 2500th vehicle after t=1h. The delay is
the horizontal delay between the entry and exit curve. It takes at capacity 2500/4000 = 37.5 mins
to serve 2500 vehicles. It entered 0.5 hours = 30 mins after t=1, so the delay is 7.5 mins

The time the queue is solved: This is the time point that the inflow and outflow curves intersect
again. 500 vehicles is the maximum queue length, and it reduces with 4000-2000=2000veh/h. So
500/2000=15 minutes after the time that q<C the queue is solved, i.e. 1:45h after the start.

. The last vehicle (N) which encounters delay This is the vehicle number at the moment the in-

flow and outflow curves meet again. 15 minutes after the vehicle number with the largest delay:
6100+4-0.25%2000 = 6600 veh

. The total delay. This is the area of the triangle between inflow and outflow curve. This area is

computed by 0.5 * height * base = 0.5 * 500 * (30+15)/60 = 187,5 veh-h. Note that here we use
a generalised equation for the area of a triangle. Indeed, we transform the triangle to a triangle
with a base that has the same width, and the hight which is the same for all times (i.e., we skew
it). The hight of this triangle is 500 vehicles (the largest distance between the lines) and the width
is 45 minutes.

The average delay of the vehicles which are delayed (h) 187,5 veh-h/ (6600-3600) veh = 0,0625 h
= 3,75 min

Selected problems
For this chapter, consider problems: 3, 4, 68, 69, 70, 71, 100, 142, 143, 144, A.7.2, 205, 205, 234, 235,
260, A.11.2
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Relationships of traffic variables

Chapter 1 defined the variables and their definition. This chapter will discuss the relationship between
these variables.First of all the mathematically required relationships are shown (section 4.1), then typical
properties of traffic in equilibrium are discussed (section 4.2). Section 4.3 discusses these relationships in
the light of drivers, and expands this to non-equilibrium conditions. Finally, section 4.4 gives attention
to the moving observer.

4.1. Fundamental relationship

In microscopic view, it is obvious that the headway (h), the spacing (s) and the speed (v) are related.
The headway times the speed will give the distance covered in this time, which is the spacing. It thus
suffices to know two of the three basic variables to calculate the third one.

s=hv (4.1)

Since headways and spacings have macroscopic counterparts, there is a macroscopic equivalent for this
relationship. After reordering, equation 4.1 reads

The macroscopic equivalent of this relationship is the average of this equation. Remembering that q =

and k =
ws

This equation shows that the flow q is proportional with both the speed u and the density k. Intuitively,
this makes sense because when the whole traffic stream moves twice as fast if the flow doubles. Similarly,
if — at original speed — the density doubles, the flow doubles as well.

Table 4.1 summarizes the variables and their relationships.

(le we get:

Table 4.1: The basic traffic variables and their relationship

Microscopic  Macroscopic

K 1
s S
. (f)
qg=—

h
"
— (v)

s=hv q =ku
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max: 1 veh/1.5 sec

Flow (veh/h)

dq/dk=v;o=80 km/h Ky 8 m/veh
Density (veh/km)

(a) One extreme: an empty road  (b) One extreme: an jammed road (c) Basic shape of the fundamental
diagram

Figure 4.1: The extreme situations and an idea for the fundamental diagram

4.2. Fundamental diagram

If two of the three macroscopic traffic flow variables are known, the third one can be calculated. This
section will show that there is another relationship. In fact, there is an equilibrium relationship between
the speed and the density. First, a qualitative understanding will be given, after that the effect will be
shown for various couples of variables. Also, different shapes of the supposed relationship will be shown
(section 4.2.5).

4.2.1. Qualitative understanding of the shape
Let us, for the sake of argument, consider the relationship between density and flow. And let us fur-
thermore start considering the most extreme cases. First, the case that there is no vehicle on the road.
Since the density is 0, the flow is 0, according to equation 4.3. In the other extreme case the density on
the road is very high, and the speed is 0. Using again equation 4.3 we find also for this case a flow of 0.
In between, there are traffic states for which the traffic flow is larger than zero. Assuming a continuous
relationship between the speed and the density (which is not necessarily true, as will be discussed section
7.2) there will be a curve relating the two points at flow 0. This is indicated in figure 4.1(c).

This relationship is being observed in traffic. However, it is important to note that this is not a causal
relationship. One might argue that due to the low speed, drivers will drive closer together. Alternatively,
one might argue that due to the close spacing, drivers need to slow down.

4.2.2. Traffic state
We can define a traffic state by its density, low and speed. Using equation 4.3, we only need to specify
two of the variables. Furthermore, using the fundamental diagram, one can be sufficient. It is required
that the specified variable then has a unique relationship to the others. For instance, judged by figure
4.1(c), specifying the density will lead to a unique flow, and a unique speed (using equation 4.3, and thus
a unique traffic state). However, specifying the flow (at any value between 0 and the capacity) will lead
to two possible densities, two possible speeds, and hence two possible traffic states.
The speed of the traffic can be derived using the equation 4.3:
q

u=, (4.4)
For a traffic state in the flow density plane, we can draw a line from the traffic state to the origin. The
slope of this line is q/k. So the speed of the traffic can be found by the slope of a line connecting the
origin to the traffic state in the flow density plane. The free flow speed can be found by the slope of the
fundamental diagram at k=0, i.e. the derivative of the fundamental diagram in the origin.

4.2.3. Important points

The most important aspect of the fundamental diagram for practitioners is the capacity. This is the
maximum flow which can be maintained for a while at a road. The same word is also used for the
traffic state at which maximum flow is obtained. This point is found at the top of the fundamental
diagram. Since we know that the flow can be determined from the headway, we can estimate a value for
the capacity if we consider the minimum headway. For drivers on a motorway, the minimum headway
is approximately 1.5 to 2 seconds, so we find a typical capacity value of % to % vehicles per second.
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If we convert this to vehicles per hour, we find (there are 3600 seconds in an hour) ?’GZﬂ = 1800 to
% = 2400 vehicles per hour.

The density for this point is called the critical density, and the according speed the critical speed.
The capacity is found when the average headway is shortest, which is when a large part of the vehicles
is in car-following mode. This happens at speeds of typically 80 km/h; this then is the critical speed.
From the capacity and the critical speed, the critical density can be calculated using equation 4.3. This
varies from typically 20 veh/km/lane to 28 veh/km/lane.

For densities lower then the critical density, traffic is in an uncongested state; for higher densities,
traffic is in a congested state. In the uncongested part, the traffic flow increases with an increase of
density. In the congested branch, the traffic flow decreases with an increase of density. The part of
the fundamental diagram of uncongested traffic states is called the uncongested branch of the diagram.
Similarly, the congested branch gives the points for which the traffic state is congested.

The free flow speed is the speed of the vehicles at zero density. At the other end, we find the density
at which the vehicles come to a complete stop, which is called the jam density. For the jam density, we
can also make an estimation based on the length of the vehicles and the distance they keep at standstill.
A vehicle is approximately 5 meters long, and they keep some distance even at standstill (2-3 meters),

which means the jam density is % to % veh/m, or %:125veh/km to %:142 veh/km.

4.2.4. Fundamental diagram in different planes
So far, the fundamental diagram has only be presented in the flow density plane. However, since the
fundamental equation (equation 4.3) relates the three variables to each other, any function relating
two of the three variables to each other will have the same effect. Stated otherwise, the fundamental
relationship can be presented as flow-density relationship, but also as speed-density relationship or
speed-flow relationship. Figure 4.2 shows all three representations of the fundamental diagram for a
variety of functional forms.

In the speed-density plane, one can observe the high speeds for low densities, and the speed gradually
decreasing with increasing density. In the speed-flow diagram, one sees two branches: the congested
branch with high speeds and high flows, and also a congested branch with a low speed and lower flows.

4.2.5. Shapes of the fundamental diagram

There are many shapes proposed for the fundamental diagram. The data is quite scattered, so different
approaches have been taken: very simple functions, functions with mathematically useful properties,
or functions derived from a microscopic point of view. Even today, new shapes are proposed. In the
remainder of this section, we will show some elementary shapes; the graphs are shown in figure 4.2.

Greenshields

Greenshields was the first to observe traffic flows and publish on this in 1934 (Greenshields, 1934). He
observed a platoon of vehicles and checked the density of the platoon and their speed. He assumed this
relationship to be linear:

v=vy—ck (4.5)

v . . c
Note that for k = ¢ the speed equals 0, hence the flow equals zero, so the jam density equals v

Triangular

The Greenshields diagram is not completely realistic since for a range of low densities, drivers keep the
same speed, possibly limited by the current speed limit. The fundamental diagram which is often used
in academia is the triangular fundamental diagram, reffering to the triangular shape in the flow-density
plane. The equation is as follows:

vok if k <k,

Cq iftk>k
1 =
i lc c c
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Truncated triangular
Daganzo (1997) shows a truncated triangular fundamental diagram. That means that the flow is constant
and maximized for a certain range of densities. The equation is as follows:

vok if k <ky
k ifk, <k<k
_ VoK I Kq c (4.7)
koke itk
qc kj_kcqc 1 = K¢

Smulders
Smulders (1989) proposed a fundamental diagram in which the speed decreases linearly with the density
for the free flow branch. In the congested branch the flow decreases linearly with density.

Drake
Drake et al. (1967) proposes a continuous fundamental diagram where the speed is an exponentially

decreasing function of the density:
= L(kY 4.8
v="vexp| -3 k. (4.8)
Inverse lambda

The capacity drop (see section 7.2) is not present in the fundamental diagrams presented above. Koshi
et al. (1981) introduced an ‘inverse lambda’fundamental diagram. This means the traffic has a free
speed up to a capacity point. The congested branch however, does not start at capacity but connects
a bit lower at the free flow branch. It is assumed that traffic remains in the free flow branch and after
congestion has set in, will move to the congested branch. Only after the congestion has solved, passing a
density lower than the density where the congested branch connects to the free flow branch, traffic flows
can grow again to higher values. The description is as follows:

vok if k < k.

q= k —kq . . (4.9)
vokq, — mvokl if k > kyand traffic is congested
j

This shape of the fundamental diagram allows for two traffic states with similar densities but different
flows. This can yield unrealistic solutions to the kinematic wave model (see section 5).

Wu

An addition to the inverse-lambda fundamental diagram is made by Wu (2002). He assumes the speed in
the free flow branch to decrease with increasing density. The shape of the free flow branch is determined
by the overtaking opportunities, which in turn depend on the number of lanes, [. The equation for the

speed is
1-1 -1
k k
k<1_<k_) *v0+(k—> vp> ifv>u,
q= ) 1 . 1 (4.10)
vpky k kll vokq if k > kjand traffic is congested
Kerner

Kerner (2004) has proposed a different theory on traffic flow, the so-called three phase traffic flow theory.
This will be described in more detail in section 7.4. For here, is important to note that the congested
branch in the three phase traffic flow theory is not a line, but an area.

4.3. Microscopic behaviour

Section 4.2 showed the equilibrium relationships observed in traffic. This is a result of behavior, which
can be described at the level of individual drivers as well. This section does so. First, the equilibrium
behaviour is described in section 4.3.1. Then, section 4.3.2 discusses hysteresis, i.e. structural off-
equilibrium behaviour under certain conditions.
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Figure 4.3: Mistakes if making the headway analysis at one moment in time

4.3.1. Equilibrium behaviour
The fundamental diagram describes traffic in equilibrium conditions. That can happen if all drivers

are driving in equilibrium conditions, i.e. all drivers are driving at a headway which matches a speed.
Using the relationships in table 4.1 one can change a fundamental diagram on an aggregated level to a
fundamental diagram on an individual level. This way, one can relate individual headways to individual
speeds.

The fundamental diagram gives the average distance drivers keep. However, there is a large variation
in drivers’ behaviour. Some keep a larger headway, and some drivers keep a smaller headway for the
same speed. These effects average out in a fundamental diagram, since the average headway for a certain
speed is used. On an individual basis, there is a much larger spread in behaviour.

4.3.2. Hysteresis

Apart from the variation between drivers, there is also a variation within a driver for a distance it keeps
at a certain speed (which we assume in this section as representative of the fundamental diagram). These
can be random variations, but there are also some structural variations. Usually the term Hysteresis is
used to indicate that the driving behaviour (i.e. the distance) is different for drivers before they enter
the congestion compared to after they come out of congestion. That is, the distance at the same speed

is different in each of these conditions.
Two phenomena might play a role here:

1. Delayed reaction to a change of speed

2. Anticipation of a change in speed

Zhang (1999) provides an excellent introduction to hysteresis. The simplified reasoning is as follows.

Let’s first discuss case 1, drivers have a delayed reaction to a change of speed. That means that
when driving at a speed, first the speed of the leader reduces, then the distance reduces. So during the
deceleration process, the heasway is shorter than the equilibtrium headway. When the congestion solves,
first the leader will accellerate, and the driver will react late on that. That means that the leader will
shy away from the considered car, and the distance will be larger than the equilibrium distance.

In case 2, if the driver anticipates the change in speed, the exact opposite happens. Before the
deceleration actually happens, a driver will already decrease speed (by definition in anticipation), leasing
to an larger headway than the equilibrium headway for a certain speed. Under acceleration, the opposite
happens, and a driver can already accelerate before the would be suitable in case of equilibrium conditions.
Hence, in the acceleration phase, the driver has a shorter headway than in equilibrium conditions for the
same speed.

In traffic, we expect drivers to have a reaction time. In fact, the reaction time can be derived from
the fundamental diagram, as section 8.1 will show later on. It will also show that the best way to analyse
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car-following behaviour is not comparing the distance-speed relationship for one pair at one moment in
time, as shown in figure 4.3. It shows that the drivers have no hysteresis — they copy the movement of
the leader perfectly — but still the gap changes with a constant speed. Instead, one should make the
analysis of car-following behavior along the axis parallel to the wave speed. Laval (2011) provides a
very good insight in the differences one can obtain using this correct technique or using the (errornous)
comparison of instanteneous headways (as in the arrows in figure 4.3(b).

4.4. Moving observer

An observer will only observe what is in the observation range. Many observations are taken at a point
in space . This point might move with time, for instance a driver might check the number of trucks he
is overtaking. In this case, the driver is moving and observing, this is called a moving observer. This
section discusses the effects of the speed of the moving observer, and also discusses the effect of observed
subjects passing a stationary observer with different speeds.

Basically, the movement at speed v has no effect on density, but the relative speed of traffic changes.
Therefore, applying equation 4.3, the relative flow changes. Written down explicitly, one obtains a
relative flow q,:

Goer = (v = 1) (4.11)

RemoveSo indeedIf the observer moves with the speed of the traffic, the observed relative flow becomes
zero. In practice if not all vehicles drive at the same speed, the flow needs to be divided into classes with
the same speed and the partial flows for each of these classes should be calculated.

Grel = z (kVehicles at speed v (V - U)) (412)
v

Local measurements

Suppose there is a local detector located at location Xgetector- INOW Wwe reconstruct which vehicles will
pass in the time of one aggregation period. For this to happen, the vehicle i must be closer to the
detector than the distance it travels in the aggregation time:

Xdetector — Xi S taggvi (413)

In this formula, x is the position on the road and t,,, the aggregation time. For faster vehicles, this
distance is larger. Therefore, if one takes the local (arithmetic) mean, one overestimates the influence of
the faster vehicles. If the influence of the faster vehicles on speeds is overestimated, the average speed
u; is overestimated (compared to the space-mean speed uy).

The discussion above might be conceived as academic. However, if we look at empirical data, then
the differences between the time-mean speeds and space-mean speeds become apparent. Figure 4.4(a)
shows an example where the time-mean speed and space-mean speed have been computed from motorway
individual vehicle data collected on the A9 motorway near Amsterdam, The Netherlands. Figure 4.4(b)
shows that the time mean speed can be twice as high as the space mean speed. Also note that the
space-mean speeds are always lower than the time-mean speeds.

In countries where inductive loops are used to monitor traffic flow operations and arithmetic mean
speeds are computed and stored, average speeds are overestimated, affecting travel time estimations.
Namely, to estimate the average travel time, the average of TT = L/v is needed, in which L is the length
of the road stretch and v the travel speed. Since L is constant, the average travel time can be expressed
as

(TT) =L <%> (4.14)

From this, it follows that the harmonically averaged speed is required for estimating the mean travel
time.

Furthermore, since ¢ = ku (equation 4.3) can only be used for space-mean speeds, we cannot deter-
mine the density k from the local speed and flow measurements, complicating the use of the collected
data for, e.g. traffic information and traffic management purposes. As figure 4.4(b) already shows,
largest relative deviation is found at the lower speeds. In absolute terms, this is not too much, so one
might argue this is not importang. However, a low speed means a high density or a large travel time.
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4.5.

Selected problems

For estimating the densities, this speed averaging has therefore a large effect, as can be seen in figure

For this chapter, consider problems: 1, 66, 90, A.5.3, 140, 141, 155, 156, 176, 177, 178, 188, 195, 194,
197, 215, 223, 224, 245, 255, A.10.5, 258, 285, 286, 290

30



Shock wave theory

This chapter describes shock wave theory to capture queuing dynamics. This differs from cumulative
curves in the way that the spatial extent of the queue is considered. The section first gives examples on
a fixed bottleneck (section 5.1), then gives examples of the moving bottleneck (section 5.2). Section 5.3
describes the stop-and-go waves in this modelling framework.

5.1. Fixed bottlenecks

In this section Fixed bottlenecks are discussed. At fixed bottleneck some lanes of a highway are (tem-
porarily) blocked. Firstly the theory and derivation of equations will be discussed (section 5.1.1). There-
after, two examples are given (Section 5.1.2 and 5.1.3)

5.1.1. Theory and derivation of equations

Let us consider a situation with two different states: state A downstream, with a matching qu, ks en v,
and state B upstream (qg, kg en vg). The states are plotted in the space-time diagram 5.1. We choose
the axis in such a way that the shockwave moves through the point t=0 at x=0. We will now derive the
equation to get the speed of this wave.

In the derivation, we base the reasoning on figure 5.1. The boundary between is called a shock wave.
This wave indicates where the speed of the vehicles changes. It is important to note that there are no
vehicles captured in the wave itself: the wave itself does not have a physical length. Thus the assumption
is that vehicles change speed instantaneously.

Because there are no vehicles in the wave, the number of vehicles entering the wave must be equal to
the number of vehicles exiting exiting the wave, or we can state that rate of vehicles entering the wave

Shock wave
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Figure 5.1: A shockwave where traffic speed changes from high to low.
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must be equal to the rate of vehicles exiting the wave. This principle, in combination with the following
equation (already presented in equation 4.3) is used to calculate the speed of the wave:

q=kv (5.1)

The speed of the wave is indicated by w. Note that we can apply this equation to moving frames of
reference as well. In that case, the flow changes, as does the speed. The density is invariant under a
change of reference speed.

To determine the attachment and exit rate, we will move with the speed of the wave (in the frame
of a moving observer). At the downstream end, the density is kg. The speed in the moving frame of
reference is vg — w. The exit rate in the moving frame of reference is calculated using equation 5.1.

Gexit = kB (UB - W) (52)

In the same way, the attachment rate can be determined. The upstream density is k4. The speed of
the vehicles in the frame of reference moving with the wave speed w is v, + w. Using equation 5.1 again,
we find the attachment rate in this moving frame of reference:

Qattachment — kA (VA - W) (53)

Since these rates have to be equal, we find:

Gexit = Gattachment (54)
ky(a—w) = kg —w) (5.5)
This can be rewritten as:
kavg —kaw = kgvg — kgw (5.6)
ga —ksaw = qp—kpw 5.7)

In the last step, the speeds have been substituted using equation 5.1. We can solve this equation for the
shock wave speed w. We find

qa—qp = (kg + k)w (5.8)

And isolating w give the wave speed equation:

da — (4B =A_q
ks — kg Ak

W= (5.9)

Note that in a space-time plot, the speed w is the slope of the shock wave between A and B. The
right hand side is the ratio between the difference in flow and the difference in density of states A and
B. This is also the slope of a line segment between A and B in the flow-density plot. This becomes very
useful when constructing the traffic states.

The above reasoning holds for the speed of any shock wave, moving backward or forward. The
following section shows an example for both.

5.1.2. Example: Temporal increase in demand at a road with a lane drop

Let’s consider a 3 lane road with a reduction to 2 lanes over a 1 km section between x=10 and x=12.5
(see figure 5.2(b)). For the road, we assume lanes with equal characteristics, described by a triangular
fundamental diagram with a free speed of 80 km/h, a capacity of 2000 veh/h/lane and a jam density of
150 veh/km/lane. At the start of the road, there is a demand of 2500 veh/h which temporarily increases
to 5000 veh/h between t=1h and t=2h (see the demand profile in figure 5.2(b)). The question we will
answer in this example is: What are the resulting traffic conditions?

The final answer to the question are the traffic states which are shown in table 5.1, and shown on
the fundamental diagram in figure 5.3(a). The speed of the shock waves is given in table 5.2, and the
resulting traffic situation is shown in figure 5.3(b). We will now explain how this solution can be found.

The inflow to the system is given, being 2500 veh/h (state A) and 5000 veh/h (state B) on a three lane
road. The matching densities can be computed from the fundamental diagram for a three lane road. This
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Figure 5.3: The situation

Table 5.1: The states on the road

(b) Shock waves in space-time

State Flow (ven/h) Density (veh/km) Speed (km/h)
A 2500 31.25 80
B 5000 62.5 80
C 4000 200 20
D 4000 50 80

Table 5.2: The shock waves present on the road

State 1 State 2 shock wave speed w (km/h)
A B 80

B C -7.3

A A 8.9
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gives densities of (equation 5.1) ky = {4 = 220 = 31.25veh/km and kg = z = 3330 = 62.5veh/km.
The separation with the empty road moves forward with a speed of 80 km/h, i.e. the speed of the
vehicles. This can also be found by the shock wave equation, equation 5.9. The difference in flow is 2500

veh/h and the difference in density is 31.25 veh/km. The shock wave then moves with:

T qo—qa _ —2500
04~ ko —ks —31.25

= 80km/h (5.10)

Note that is does not matter whether the speed of shock wave wy, or shock wave wyq is calculated. This
remark holds for every combination of states.
Also the wave between state A and B moves forward with 80 km/h, calculated by equation 5.9:

WaB = Tk, T 3125625  cokm/h (5.11)

Note that this equals the free flow speed. This is because we use a triangular fundamental diagram.
The speed wyy, is the direction of the line segment AB in figure 5.3(a). This has the same slope as the
slope of the free flow speed (i.e. the slope of the fundamental diagram at the origin) because its shape
is triangular.

Now this wave hits the two lane section. The flow is higher then the capacity of the two lane section.
That means that downstream, the road will operate at capacity, and upstream a queue will form (i.e. we
have a congested state). The capacity of the downstream part is, according to the fundamental diagram,
4000 veh/h (state D). The speed follows from the (triangular) fundamental diagram, and is 80 km/h.

The density hence is:

=3 % sopensk 5.12
—uD—BO—ve/m (5.12)
If 4000 veh/h drive onto the two lane segment, 4000 veh/h have to drive off the three lane segment (no
vehicles can be lost or created at the transition from three to two lanes). That means that upstream
of the transition, we have a congested state with a flow of 4000 veh/h. The density is derived from the

fundamental diagram:

kp

Gcong = Gcapacity — qcapacity# = 4000 (513)
J c

Substituting the parameters for the fundamental diagram, and realising that the capacity is found by
Geapacity = UcapacityKc (I is the number of lanes) we calculate the density at point C, 200 veh/km.
Graphically, we can find point C on the fundamental diagram by the intersection of the congested
branch and a line at a constant flow value of 4000 veh/h.

The speed at which the tail of the queue moves backwards, i.e., the speed of the boundary between
B and C, is calculated by the shock wave equation (equation 5.9)

45— dc _ 5000 — 4000
BC ™ kg —ke  62.5—200

= —7.3km/h (5.14)

Note that this speed can also be derived graphically from the fundamental diagram, i.e. the slope of
the line segment BC. That the slope in figure 5.3(a) and figure 5.3(b) is graphically not the same, is a
consequence of different axis scales in the figures.

Then the demand reduces again and the inflow state returns to A. When lower demand hits the tail
of the jam, the queue can solve from the tail. At the head of the queue, this change has no influence
yet, since drivers are still waiting to get out onto the smaller roadway segment. The boundary between
C and A moves with a speed of

o _9c—da _ 4000 - 2500
€A™ ke—ky  200-—31.25

= 8.9km/h (5.15)

Here again, the speed could also be derived graphically, by the slope of the line segment AC.

Then, this wave arrives at the transition of the two lane road to a three lane road, and the congestion
state C is dissolved. In the two lane part, the flow is now the same as the demand (the state in A, 2500
veh/h). The boundary between state D and A moves forward with a speed of

qp —qa 4000 — 2500

- - = 80km/h 1
Woa = T3 T Bo—3125 oo/ (5.16)
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Figure 5.4: The situation

Table 5.3: The states on the road with a temporal bottleneck

Number Flow Density Speed
2500 31.25 80

A

B 1000  387.5

C 1000 12.5 12.5
D 6000 75 75

5.1.3. Example: Temporal capacity reduction
Another typical situation is a road with a temporal local reduction of capacity, for instance due to an

accident. This section explains which traffic situation will result from that.

The case is as follows. Consider a three-lane freeway, with a triangular fundamental diagram. The
free flow speed is 80 km/h, the capacity is 2000 veh/h/lane and the jam density is 150 veh/km/lane.
The demand is constant at 2500 veh/h. From t=1h to t=2h, an incident occurs at x=10, limiting the
capacity to 1000 veh/h. Calculate the traffic states and the shock waves, and draw them in the space-time
diagram. Also draw several vehicle trajectories.

For referring to certain states, we will first show the resulting states, and then explain how these
states are constructed. Figure 5.4(a) shows the fundamental diagram and the occurring states, 5.4(b)
shows how the states move in space and time. The details of the states can be found in table 5.3, and
the details of the shock waves can be found in table 5.4.

At the start, there are free flow conditions (state A) at an inflow of 2500 veh/h. For the assumed
triangular fundamental diagram, the speed for uncongested conditions is equal to tzléeofree flow speed, so

= 49 = 250

80 km/h. The matching density can be found by applying equation 5.1: kg4 u 50
From t=1 to t=2, a flow limiting condition is introduced. We draw this in the space time diagram.

The flow is too high to pass the bottleneck, so the moment the bottleneck occurs, a congested state (B)
will form upstream. Downstream of the bottleneck we find uncongested conditions (once the vehicles
have passed the bottleneck, there is no further restriction in their progress): state C. For state C, the
flow equals the flow that can pass the bottleneck, which is given at 1000 veh/h. The speed is the free flow

Table 5.4: The shock waves present on the road with a temporal bottleneck

State 1 State 2 shock wave speed w (km/h)

A C 80
B C 0
A B -4.2
B D 16
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speed of 80 km/h, so the matching density can be found by applying equation 5.1: k¢ = % = % =125
veh/km. The speed of the shock wave between state A and C can be calculated using the shock wave

equation, 5.9: 2500 — 1000

Wac = Zj - ZZ = 3125125 _ ookm/h (5.17)
This equals the free flow speed. Graphically, we understand this because both states can be found at the
free flow branch of the fundamental diagram (figure 5.4(a)) and the shock wave speed is the slope of the
line segment connecting these states. Because the fundamental diagram is triangular, this slope is equal
to the slope at the origin (i.e., the free flow speed).

Upstream of the bottleneck a congested state forms (B). The flow in this area must be the same as
the flow which can pass the bottleneck. This is because at the bottleneck no new vehicles can be formed.
That means state B is a congested state with a flow of 1000 veh/h. From the fundamental diagram we
find the matching density in the congested branch, 387.5 veh/km. The speed at which the shock between
states A and B now moves, can be calculated using equation 5.9:

 qi—qs _ 25001000
Was = Tk, T 31253875 Rkaw/b (5.18)

The minus sign means that the shock wave moves in the opposite direction of the traffic, upstream. We
could also graphically derive the speed of the shock wave by the slope of the line between point A and
B in the fundamental diagram.

Once the temporal bottleneck has been removed, the vehicles can drive out of the queue: state D.
Because state C is congested, the outflow will be capacity (or the queue discharge rate in case there is a
capacity drop). That is for this case a flow of 3x2000 veh/h = 6000 veh/h. Realising the vehicle speed
equals the free flow speed of 80 km/h, the density can be found using equation 5.1:

qp 6000
kp = — = —— =75km/h q
D ™~ 30 m/ (5.19)

The shock wave between state B and D moves backward. The speed thereof can be found by applying

equation 5.9
qg —qp 1000 — 6000
= = = —16km/h 5.20
WBD = bk, T T387.5—75 m/ (5.20)
The negative shock wave speed means the wave moves upstream. Intuitively, this is right, since the
vehicles at the head of the queue can accelerate out of the queue, and thus the head moves backwards.

5.2. Moving bottleneck

This section describes what happens if the road is blocked, either completely or not completely, by
a moving bottleneck. This can be a slow moving truck or agricultural vehicle, a funeral or wedding
procession. First the theory is explained (section 5.2.1), and then three examples follow (section 5.2.2,
5.2.3 and 5.2.4).

5.2.1. Theory

For the moving bottleneck, the same theory applies as for the fixed bottleneck. The recipy is the same:
check for each bottleneck weather the demand exceeds capacity. If so, there is congestion upstream and
a free flow condition (or capacity) downstream. Once again, the shock wave equation applies (equation
5.9).

Different compared to the regular, fixed bottlenecks, is the position of the congested state. For fixed
bottlenecks, the flow upstream of the bottleneck equals the flow downstream of the bottleneck. In case of
moving bottlenecks this differs. Consider a bottleneck which moves downstream without any overtaking
opportunities. The downstream flow is zero, but vehicles can accumulate in the growing area between
the considered point and the moving bottleneck, so the upstream flow is not zero.

In these types of calculations, the capacity of vehicles passing the moving bottleneck is usually an
input. This gives the downstream point at the fundamental diagram. To find the upstream state on the
fundamental diagram, one has to realise the shock wave is the moving bottleneck, so the speed of the
shock wave must equal the speed of the moving bottleneck. By constructing a shock wave moving with
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Figure 5.5: The situation with a moving bottleneck without overtaking opportunities

the speed of the moving bottleneck in the fundamental diagram from the uncongested downstream point,
one finds the congested point. This is at the intersection of the line segment starting at the uncongested
point moving with the bottleneck speed and the congested branch of the fundamental diagram. The

following examples clarify the procedure.

5.2.2. Example 1: moving truck, no overtaking possibilities
Consider a three lane road, where at all three lanes a triangular fundamental diagram holds. The capacity

is 2000 veh/h/lane, the free flow speed 80 km/h and the jam density 150 veh/km. The demand is 3000
veh/h. A truck enters the road at t=0.5h and x=10 km, and leaves the road at t=1h and x=15 km,
hence driving 10 km/h. There are no overtaking opportunities. What is the traffic state at the road?
The solution of this example is given in a space-time diagram (figure 5.5(b)) and in the fundamental
diagram (figure 5.5(a)). The characteristics of the states are given in table 5.5, and the characteristics
of the shock waves are given in table 5.6. The explanation how these points are found follows below.
At two points states can be identified at the fundamental diagram (figure 5.5(a)), the intial state
A (flow of 2500 veh/h, free flow speed 80 km/h) and the state downstream of the moving bottleneck
(given “no overtaking possibilities” hence density zero and flow zero). In these examples, the states
are identified by only two variables from the three flow, density and speed, since the third one can be

calculated using equation 5.1.
The position upstream of the moving bottleneck can be determined by the intersection of two lines:
q1 = (qc +U(k_kc) (521)
2 = qp+wk—k) (5.22)

The first equation is a line in the fundamental diagram, figure 5.5(a) starting from point C and moving
forward with the bottleneck speed v. The second line is the congested branch of the fundamental diagram,
in which w is the slope of the congested branch. The intersection of these lines can be found by solving the
density k from the equation q; = q,. For this upstream density, the density of state B, we find kg = 277
veh/km. The matching flow is found by filling this in either equation 5.21 or 5.21, resulting in qg = 2769
veh/km. The speed is determined by the ratio of flow and density: u = 48 = 2769 — 10km/h. Note that
this is the speed of the moving bottleneck. This must be since there are no overtaking opportunities.

The speed of the shock wave between A and B can be calculated using the shock wave equation 5.9
applied to state A and B:

- 3000 — 2769
94— 4B _ (5.23)

WaB = Yk, 37.5-277

= —0.96km/h

This means the shock wave moves upstream with a low speed. With a different speed of the moving
bottleneck or a different demand level, the shock wave might move faster upstream (lower bottleneck
speed or higher demand), or it might move downstream (higher bottleneck speed or lower demand).
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Table 5.5: The states on the road for a moving bottleneck without overtaking opportunities

Name Flow Density Speed

A 3000 37.5 80
B 2769 277 10
C 0 0 NaN
D 6000 75 80

Table 5.6: The shock waves present on the road for a moving bottleneck without overtaking opportunities

State 1 State 2 shock wave speed w (km/h)

A B -0.96
B C 10
A C 80
D C 80
B D -16
A D 80

The speed of the shock wave between state B and C can also be calculated with equation 5.9. It
can be determined from reasoning instead of calculations as well: it must be equal to the speed of the
moving bottleneck, 10 km/h.

Once the moving bottleneck has left the road, vehicles will exit the jam. This means a boundary
between the jam state, state B, at the capacity state, state D. For capacity the flow (6000 veh/h) and
speed (80 km/h) can be derived from the road characteristics. The speed of the shock wave between state
D and B can be determined by applying the shock wave equation (5.9) on state B and D. Alternatively,
from the fundamental diagram in figure 5.5(a) we see that must equal the slope of the congested branch of
the fundamental diagram, -16 km/h. Because any shock wave between any congested state and capacity
moves with this speed, this speed is also called the wave speed of the fundamental diagram.

Speeds of shock waves between A and C, C and D, and D and A all can be calculated using the shock
wave equation 5.9. Moreover, all these states lie on the free flow branch of the fundamental diagram, so
the shock waves between these states move at the free flow speed of 80 km/h.

5.2.3. Example 2: moving truck with overtaking possibilities

Now, let’s consider a different situation, where overtaking of the moving bottleneck is possible. We
change the conditions as follows. Consider a three lane road, where at all three lanes a triangular
fundamental diagram holds. The capacity is 2000 veh/h/lane, the free flow speed 80 km/h and the jam
density 150 veh/km. The demand is 2500 veh/h. A truck enters the road at t=0.5h and x=10 km, and
leaves the road at t=1h and x=15 km, hence driving 10 km/h. There are overtaking opportunities, such
that downstream of the bottleneck the flow is 1000 veh/h. What is the traffic state at the road?

The states and fundamental diagram, as well as the resulting traffic states are show in figures 5.6(a)
and 5.6(b) respectively. Tables 5.7 and 5.8 give the properties of the states and the shock waves respec-
tively. Below, it is explained how these states and waves are found.

The demand is the same as in the previous example, so state A is the same. Downstream of the
moving bottleneck there is a free flow traffic state (it is downstream of the bottleneck, so it is free flow).
The flow is given at 1000 veh/h, and since it is in free flow, the speed is 80 km/h. Hence, the density is
ke =4 = 1330 = 12.5 veh/km.

Since the demand is higher than the capacity of the moving bottleneck, upstream of the bottleneck, a

Table 5.7: The states on the road at a moving bottleneck with overtaking possibilities

State Flow (veh/h) Density(veh/km) Speed (km/h)

A 2500 31.25 80
B 3307 243 13.6
C 1000 12.5 80
D 6000 75 80
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Figure 5.6: The situation at a moving bottleneck with overtaking possibilities

Table 5.8: The shock waves present on the road at a moving bottleneck with overtaking possibilities

State 1 State 2 shock wave speed w (km/h)

A B 3.8
A C 80
D C 80
B D -16
A D 80

congested state occurs. Is is separated from state C by a shock wave which moves with the speed of the
moving bottleneck (it is the moving bottleneck). This means we have to find state B in the fundamental
diagram which conncects to state C with a line with a slope of 10 km/h; this line is indicated by g4
(equation 5.24) Furthermore, state B has to lie on the congested branch of the fundamental diagram,
indicated by q, (equation 5.25). The position upstream of the moving bottleneck can be determined by

the intersection of two lines:
(5.24)

g1 = qctv(k—ke)
(5.25)

2 = qp+wk—k)
We find the density for state B by q; = q,. This results in kg = 243 veh/km. The matching flow can

be found by subsituting this into equation 5.24 or equation 5.25, leading to qg=3307 veh/h.
The shock wave speeds between B and C, as well as the shock wave speed between A and B can be

calculated using the shock wave equation, equation 5.9:

_s—qc 33071000

Wae = e = g3 —1zg = 10km/h (5.26)
—gs 2500 — 3307

= Ja” s _ =38 km/h (5.27)

WaB = T ky  31.25 — 243

Note that the shock wave between B and C moves with the speed of the moving bottleneck.

Once the moving bottleneck leaves the road, the method is exactly the same as in the previous
example. The queued vehicles exit state B at the road capacity, state D with a flow 6000 veh/h and a
speed of 80 km/h. The shock wave between state D and B moves backward with a speed which can be
calculated by the shock wave equation. The shock wave speed must also be equal to the wave speed of
the fundamental diagram, so using the knowledge of the previous example, we find wgp = —16 km/h.

5.2.4. Example 3: moving truck and high demand

Consider a three lane road, where at all three lanes a triangular fundamental diagram holds. The
capacity is 2000 veh/h/lane, the free flow speed 80 km/h and the jam density 150 veh/km. The demand
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Figure 5.7: The situation for the moving bottleneck with overtaking opportinities and a high demand.

Table 5.9: The states on the road for the moving bottleneck with overtaking opportinities and a high demand.

State Flow (veh/h) Density(veh/km) Speed (km/h)

A 4500 56.25 80
B 3077 243 13.6
C 1000 12.5 80
D 6000 75 80

is increased to 4500 veh/h. A truck enters the road at t=0.5h and x=10 km, and leaves the road at t=1h
and x=15 km, hence driving 10 km/h, limiting the flow downstream of the moving bottleneck to 1000
veh/h. What are the conditions on the road?

The states and fundamental diagram, as well as the resulting traffic states are show in figures 5.7(a)
and 5.7(b) respectively. Tables 5.9 and 5.10 give the properties of the states and the shock waves
respectively. This situation is very similar to the situation described in example 2 (section 5.2.3). Below,
we will comment on the similarities and differences.

The downstream part is the same. States A and C, as well as the congested state upstream of the
moving bottleneck are determined by the properties of the moving bottleneck, and are thus the same as
in the previous example. The speed of the wave between state A and B differs, since state A is different.
The speed can be calculated using the shock wave equation, equation 5.9:

Gi—qp 4500 — 3307
Was = 3, T Se2s—za3 - o3/ (5.28)

So, the methodology to compute the shock wave speed is the same. However, the phenomenon is
difference: contrary to the previous example, the shock wave moves upstream.

When the moving bottleneck leaves the road, the queue discharge (capacity) state D is also the same
as in the previous example. Since states B and D are the same, the shock wave speed between the two

Table 5.10: The shock waves present on the road for the moving bottleneck with overtaking opportinities and a high
demand

State 1 State 2 shock wave speed w (km/h)

A B -6.3
A C 80
B C 10
D C 80
B D -16
A D 80
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Figure 5.8: Stop and go waves in time and space

is also the same. Also the shock wave speed between state A and D is the same, because both points are
at the free flow branch of the fundamental diagram, hence the shock wave speed is the speed of the free
flow branch of the (triangular) fundamental diagram.

5.3. Stop and go waves

On motorways, often so called stop-and-go waves occur. These short traffic jams start from local instabil-
ities, and the speed (end flow) in the stop-and-go waves is almost zero. For a more detailed explanation,
see section 7.3. Now the speed of the boundaries of the traffic states are known, we can apply this to
stop-and-go waves, and understand why this typical pattern arises (figure 5.8).

The stop-and-go waves arise in dense traffic. The traffic demand is then mostly near capacity,
or at approximately the level of the queue discharge rate. The upstream boundary of such a shock
moves upstream. When it is in congested conditions, both the upstream state (the congested condition)
and the downstream state (the standing traffic) are congested, hence the upstream boundary moves
backwards with a speed equal to the wave speed of the fundamental diagram. Once it gets out of
congestion, the inflow is most likely approximately equal to the capacity of the road. That means that
the upstream boundary moves with a speed which is equal to the slope of the line in the fundamental
diagram connecting the capacity point with the point of jam density, which is the wave speed.

The downstream boundary separates the jam state (standing traffic) with capacity (by default: ve-
hicles are waiting to get out of the jam, hence a capacity state occurs). The speed between these two
states is found by connecting the points in the fundamental diagram. The resulting speed is the wave
speed of the fundamental diagram.

After the first stop-and-go wave has moved upstream, the inflow in the second stop-and-go wave
equals the outflow of the first stop-and-go wave. These are the upstream respectively the downstream
state of the second wave, which thus are the same. In between, within the wave, there is another,
jammed state. According to shock wave theory the shock between state A and B (i.e., the upstream
state and the state within the stop-and-go wave) and the shock between B and A (i.e. the state within
the stop-and-go wave and the downstream state, which equals the upstream state) is the same. This
speed is approximately equal for all roads, 15-20 km/h (Schreiter et al., 2010). Hence, the length of the
stop-and-go wave remains the same.

This way, stop-and-go waves can travel long distances upstream. Section 7.4 will discuss the stop-
and-go waves and their characteristics in more detail.

Selected problems
For this chapter, consider problems: A.1.4, A.2.6, 67, 72, A.3.4, A.4.4, 101, 102, A.5.4, A.6.3, A.7.4,
A.8.3, A8.4, A.9.3, 259, 275, 287
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Method of characteristics

The kinematic wave model provides a relatively simple approach to reproduce and predict the spatio-
temporal characteristics of traffic congestion by means of a macroscopic model, either by simulation
(numerical solution approaches) or, as we will discuss in this chapter, analytically. The so-called method
of characteristics (MoC) is a well known solution method for partial differential equations.

The kinematic wave model is, however, a bit special. Since in many cases, the kinematic wave model
does not have a classical solution (solutions which are continuously differentiable) due to the occurrence
of shocks. As a result, we will look for so-called generalised solutions (weak solutions that are piece-wise
continuously differentiable). However, since there are an infinite number of generalised solutions, we will
have to look for a special solution which satisfies the entropy condition (i.e. local maximisation of the
flow).

This chapter describes the MoC approach to determine solutions of the kinematic wave model. We
will start with briefly explaining the general concept and the mathematics. Then, section 6.2 will show
two examples.

6.1. Mathematical construction

This section first describes the construction of the curves, then applies the theory to a road with no
entrering and exiting traffic Section 6.1.3 gives the interpretation.

6.1.1. Construction
ok

The conservation of vehicles yields that change of the number of vehicles in a section (E) is explained by
the difference in flow at both ends of the section g—z, the inflow within that section (7, also called a source)

and the outflow within that section (s, also called sink term). Put together, we get the conservation
equation: terms.

dk dq
a + a =r—=s (61)
Note that the flow and density are both functions of time t and location x. We furthermore have:
q =Q(k,t,x) (6.2)

Note that we allow spatial and temporal fluctuations in the fundamental diagram.

Now suppose that we know the traffic conditions (i.e. the traffic density) for a boundary B in the
(t,x) plane. These can either reflect initial conditions (e.g. the density on the road at some initial time
t =ty), boundary conditions (inflow into the considered roadway section; outflow restrictions), etc.

Together with the boundary conditions, the kinematic wave model can be used to determine the
traffic conditions influence by the traffic conditions described in at the boundary B (see figure 6.1).

The idea of the method of characteristics if to transform the kinematic wave model (which is a partial
differential equation) into a set of ordinary differential equations, which can be solved with standard
techniques. To see how to do this, we fill in Eq. (6.2) into Eq. (6.1) yielding:

dk 0Qdk 0k dk aQ

Eﬁ'ﬁa—Eﬁ‘Ca:r_s_a (6.3)
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Figure 6.1: A boundary with known traffic states in the space-time diagram, and a characteristic curve

Note that ¢ = c(k,t,x) = 3—2 is the slope of the fundamental diagram at (t,x), describing the speed of a
very small shock (a so-called kinematic wave).

Let us now consider a point B on the boundary B. This point (tp,x5) describes the initial point of
the characteristic curve. Next to the initial point, the curve is defined by its slope, which is by definition
equal to the kinematic wave speed ¢ = c(k,t,x) (see figure 6.1. This gives us the following expression:

Wk 6.4
It = c(k,t, x) (6.4)

with:
x(tp) = xp (6.5)

Note that on the boundary we know the density k. If we are able to determine the change in
the density along the characteristic from that point onward, we can determine the density along the
dk

characteristic. That is, we want to establish Zz. We get:

dk 0k Odkdx

dar ot Toxdr (6.6)

Since along the characteristic, we have Z—’Lf = ¢, we can rewrite:

dk 0k dk aQ

E—Eﬁ'Ca—T—S—a (67)
with initial condition k(tg,xg) = kp given. This ordinary differential equation shows how the density
changes along the characteristic. Considering all characteristics emanating from the boundary should
allow us to construct the density everywhere within the interior of the boundary, at least at all points
where the density is determined by the conditions in the boundary (so-called region of influence of B).

6.1.2. Application to homogeneous roads
To further our results, let us now consider a homogeneous road, i.e. Q(k,t,x) = Q(k). Furthermore, no
traffic enters or exits the road. In this case, Eq. (6.7) becomes:

dk
— =0 6.8
T (6.8)
This means that the derivative of the density along the characteristic is equal to 0, i.e. the density is
constant along the characteristic. Since k(tg, xg) = kg, along the entire characteristic we have k(¢t,x) =
kg. In other words, the density is conserved along the characteristic curve.

Furthermore, the density is constant along the curve, so the kinematic wave speed is ¢ = c(k) = ?,—2-

Since by definition the characteristic curve satisfies % = ¢, the slope of the curve is under these conditions
constant meaning that the curve is in fact a straight line.
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Figure 6.2: Traffic states and their characteristic speeds for an acceleration fan

6.1.3. Interpretation

The consequence from the mathematics described in section 6.1.1 is that traffic states always propagate
on lines in space-time moving with the speed of the derivative of the fundamental diagram. This makes
the construction of the characteristics very simple, and the characteristics can be used to track back or
forward traffic conditions in space and time.

6.2. Application

Let us now see an application of the method of characteristics in the prediction of traffic conditions. For
this case, we will take the boundary B to be the initial conditions on an infinite length roadway section.
Two cases will be considered here: the first one where traffic is dense upstream and in low density
downstream (e.g., the moment a traffic light turns to green). Also the different situation is considered,
where traffic upstream is in a low density condition and traffic downstream is in a high density condition.

6.2.1. Acceleration fan
Consider a situation where upstream traffic is in an overcritical state (i.e., density is higher than the
critical density) and downstream the traffic is in an undercritical state, see figure 6.2(a). The character-
istic speeds depend on the traffic density. For a concave fundamental diagram (see figure 6.2(b)) they
are sketched in figure 6.2(c).

For each of the states at the initial position the density is determined. For that density, the charac-
teristic speed is determined, i.e., the derivative of the fundamental diagram at that density. Note once
more that these speed are not the speeds of the vehilces in that traffic state. Figure 6.2(c) sketches
the characteristic speed. The traffic states now propagate with that speed. This means that states in
the free flow condition propagate in the forward direction, whereas congested traffic states move in the
backward direction. The capacity state moves at a speed zero, so remains at the same location.
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Figure 6.3: The kinematic waves (or characteristic curves) for an traffic situtation where the upstream traffic state is
overcritical and the downstream traffic state is undercritical
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Figure 6.4: Illustration of the characteristics in space-time for an deceleration

The characteristic curves and their speeds are shown in figure 6.3. Due to the concavity of the
fundamental diagram, these lines spread out. The area over which the density changes hence take place
increases. Because the lines are straight, the increase is linear over time. Because of the pattern, this
phenomenon is also called an acceleration fan.

Note that the analysis here is based on a concave fundamental diagram. If a triangular fundamental
diagram would be used, one might argue there are only two waves: one moving forward with the free
flow speeed and one moving backward with the wave speed. This would leave a void in conditions at the
area in between these waves. It is better to consider a triangular fundamental diagram as a continuously
differentiable fundamental diagram which happens to change curvature very slowly on the branches and
very quickly at the top. In that case, the same analysis can be done.

In case of a traffic light, the density drop can be sudden, where upstream of the traffic light the traffic
is in jam density and downstream the road is empty. Then, this could be approximated by a smooth
curve with a very sharp decrease of density with an increase of space at the stop line. Then, one could
apply the same analysis, yielding the same characteristic curves expanding, now all from the location of
the stop line.

6.2.2. Deceleration

A similar construction can be made for a deceleration wave. The difference is that in this case the
upstream traffic states have a higher density than the downstream ones. The traffic states with higher
densities, in this case the downstream states, have lower characteristic speeds (see figure 6.2(b)). See
figure 6.4 shows the characteristics in space time. In case of a deceleration, the upstream characteristics
travel faster than the downstream characteristics, leading to intersecting characteristics. Since each
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characteristic curve represent a traffic state, crossing characteristics would mean having two traffic states
at the same place at the same time.

If the characteristics cross, one has to revert to shockwave theory. Each of the characteristics indicates
a certain traffic state. If these two traffic states meet, one has a shock for which the speed is know (see
section 5.

Selected problems
For this chapter, consider problems: 145, 146, 147, 216, 269
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Traffic states and Phenomena

This chapter discusses some of the important phenomena in traffic.

7.1. Stability

In traffic, we can differentiate between three levels of stability: local, platoon, and traffic. This is
indicated in table 7.1, and shown graphically in figure 7.1.

Table 7.1: Identification scheme for different levels of stability

Name relevant vehicles criterion

Local One vehicle pair Does the follower relax into a steady state speed after a speed
change of the leader?

Platoon A platoon of vehilces Does the change of speed of a leader increase over the vehicle

number in the platoon?
Traffic More than one platoon Does the speed disturbance propagate to the next platoon?

7.1.1. Local stability

For local stability, one has to consider one vehicle pair, in which the second vehicle is following the leader.
If the leader reduces speed, the follower needs to react. In case of local stability, he does so gracefully and
relaxes into a new state. Some car following models in combination with particular parameter settings
will cause the following vehicle to continuously change speeds. The following vehicle then has oscilatory
speed with increasing amplitude. This is not realistic in real life traffic.

7.1.2. Platoon stability
For a platoon, it should be considered how a change of speed propagates through a platoon. This is
called platoon stability or string stability Consider a small change in speed for the platoon leader. The
following vehicle needs to react (all vehicles in the platoon are in car-following mode). Platoon stability
is whether the speed disruption will grow over the vehicle number in the platoon. In platoon stable
traffic, the disruption will reduce, in platoon unstable traffic, this disruption will grow.

Note that platoon stability becomes only relevant to study for locally stable traffic. For locally stable
traffic, one can have platoon instability if for a single vehicle the oscilations decrease over time, but they
increase over the vehicle number, as shown in figure 7.1.

7.1.3. Traffic flow stability

The third type of stability is traffic flow stability. This indicates whether a traffic stream is stable. For
the other types of stabilities, we have seen that stability is judged by the speed profile of another vehicle.
For traffic flow stability it matters whether a change in speed of a vehicle will increase over a long time
to any vehicle, even exceeding the platoon boundary. Traffic which is platoon stable is always traffic
stable. The other way around, platoon unstable traffic is not always traffic unstable. It could happen
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Figure 7.1: Graphical view of the three different types of stability. The graphs show the speeds as function of time for
different vehicles. Figure from Pueboobpaphan and van Arem (2010)
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Figure 7.2: Example of an analysis with slanted cumulative curves, from Cassidy and Rudjanakanoknad (2005)

that the unstable platoons are separated by gaps which are large enough to absorb disruptions. In this
case, the traffic flow is stable, but the platoons are not. If the disruption propagates to other platoons,
the traffic flow is unstable.

7.1.4. Use of stability analysis
There are mathematical tools to check analytically how disruptions are transmitted if a continuous
car-following model is provided. For platoon stability this is not very realistic since all drivers drive
differently. Therefore an analytical descriptions should be taken with care if used to describe traffic since
one cannot assume all drivers to drive the same. In fact, driver heterogeneity has a large impact on
stability. The other way around, the stability analysis could indicate whether a car-following model is
realistic.

From data, one knows that traffic is locally stable and mostly platoon unstable. Depending on the
traffic flows, it can be traffic unstable or stable. For large number of vehicles, traffic is generally stable
(otherwise, there would be an accident for any speed disruption).

7.2. Capacity drop

7.2.1. Phenomenon description

The capacity drop is a phenomenon that the maximum flow over a bottleneck is larger before congestion
sets in than afterwards. That is, once the bottleneck is active, i.e. there is a congested state upstream
of the bottleneck and no influence from bottlenecks further downstream, the traffic flow is lower. This
flow is called the queue discharge rate, or sometimes the outflow capacity.

The best way to analyse this is by slated cumulative curves. Generally, the flow during congestion
would be the same. That is, the queue outflow does not depend on the length of the queue. Therefore, a
natural way to offset the cumulative curves is by the flow observed during discharging conditions. One
would observe an increasing value before congestion sets in.

In the fundamental diagram, one would then observe a congested branch which will not reach the
capacity point. Instead, one has a lower congested branch, for instance the inverse lambda fundamental
diagram. The capacity drop is the difference between the free flow capacity and the queue discharge
rate. This is shown in figure 7.3.

7.2.2. Empirics (from Yuan et al. (2015a))

Capacity with congestion upstream is lower than the possible maximum flow. This capacity drop phe-
nomenon has been empirically observed for decades. Those observations point out that the range of
capacity drop, difference between the bottleneck capacity and the queue discharging rate, can vary in a
wide range. Hall and Agyemang-Duah (1991) report a drop of around 6% on empirical data analysis.
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Figure 7.4: The dependency of the queue discharge rate of the speed in the queue (from Yuan et al. (2015a)

Cassidy and Bertini (1999) place the drop ranging from 8% to 10%. Srivastava and Geroliminis (2013)
observe that the capacity falls by approximately 15% at an on-ramp bottleneck. Chung et al. (2007)
present a few empirical observations of capacity drop from 3% to 18% at three active bottlenecks. Ex-
cluding the influences of light rain, they show at the same location the capacity drop can range from
8% to 18%. Cassidy and Rudjanakanoknad (2005) observe capacity drop ranging from 8.3% to 14.7%.
Oh and Yeo (2012) collect empirical observations of capacity drop in nearly all previous research before
2008. The drop ranges from 3% up to 18%. The large drop of capacity reduces the performance of road
network.

In most of observations, capacity drop at one bottleneck only exhibits a small day to day deviation
(Cassidy and Bertini, 1999; Chung et al., 2007). However, it is possible to observe a large difference in the
capacity drop empirically at the same location. Srivastava and Geroliminis (2013) observe two different
capacity drop, around 15% and 8%, at the same on-ramp bottleneck. Yuan et al. (2) observe different
discharging flows at the same freeway section with a lane-drop bottleneck upstream and estimate the
outflow of congestion in three-lane section ranging from 5400 vph to 6040 vph. All of these studies
show that the capacity drop can be controlled and some strategies have been described to reach the goal
(Carlson et al., 2010; Cassidy and Rudjanakanoknad, 2005; Chung et al., 2007). Those control strategies
strongly rely on the relation between the congestion and the capacity drop.

Recent research Yuan et al. (2015a) clearly shows this relationship with speed, see figure 7.4.

The main cause of the capacity drop is not identified yet. Some argue it is lane changing, others argue
it is the limited acceleration (not instanteneous), whereas others argue it is the difference in acceleration
(not all the same). This remains an active field of research, both for causes of the capacity drop and for
ways to control it.

7.3. Stop-and-go wave

7.3.1. Phenomenon description

Stop-and-go waves are a specific type of traffic jams. Generally, all traffic states at the congested branch
are considered congested states. Sometimes traffic experiences short so-called stop-and-go waves. In
these short traffic jams, vehicles come to (almost) a complete standstill. The duration of the queues is
a few minutes. At the downstream end of the jam, there is no physical bottleneck. For many drivers, it
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Figure 7.5: Space-time plot of the traffic operations of the German A5, 14 October 2001 — figure from traffic-states.com
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Figure 7.6: Example of a stop-and-go wave triggering a standing queue at the A4 motorway

is surprising they have been in the queue “for no obvious reason”.

The outflow of these stop-and-go waves is at the point of the queue discharge rate. Since the traffic
in the jam is at almost standstill, the density in the stop-and-go wave is jam density. The speed at which
the head moves, can be determined with shock wave theory. Using the fact that the wave speed is the
difference in flow divided by the difference in density, we find that the head propagates backward with
the wave speed (the slope of the congested branch of the fundamental diagram).

These short jams usually start in congestion. Only if traffic is unstable, short disturbances can grow
to jams. In free traffic, the spacing between platoons is usually large enough to ensure these jams do
not grow. That means that upstream of the stop-and-go wave, traffic conditions are probably close
to capacity. A similar traffic state upstream and downstream of the stop-and-go wave means that the
upstream and downstream boundary move at the same speed. Therefore, the jam keeps it length.

Often, these type of jams occur regularly, with intervals in the order of 10 minutes. Then, the outflow
of the first stop-and-go wave (queue discharge rate) is the inflow of the second one. Then, the upstream
and downstream boundary must move at the same speed. Hence, the jams move parallel in a space time
figure — see also figure 7.5.

Since traffic in the jam is (almost) at standstill, no flow is possible. That means that the upstream
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boundary it must continue propagating backwards through a bottleneck — the inflow keeps at the same
level and the vehicles which join the queue have no choice but join the queue keeping their desired jam
spacing to their predecessor. Once the jam passes the bottleneck, the desired outflow would be the queue
discharge rate of the section where the congestion is. However, the capacity of the bottleneck might be
lower.

In such a case, the stop-and-go wave triggers a standing congestion, as is seen in figure 7.6. A stop-
and-go wave propagates past a botteneck near location 43km. The outflow of the stop and go wave would
be larger, but now the flow is limited. Between the stop-and-go wave and the bottleneck, a congested
state occurs, of which the flow equals the flow through the bottleneck (a localised bottleneck, so at both
sides the same flow). This congested state is at the fundamental diagram. For most applications where
the congested branch of the fundamental diagram is considered a straight line, this congested state will
lie on the line connecting the queue discharge point with the jam density. The speed of the downstream
boundary of the stop-and-go wave is now determined by the slope of the line connecting the “stopped”
jam state with the new congestion state. Since these are all on the same line, the speed is the same, and
the stop-and-go wave continues propagating.

7.4. Kerner’s Three Phase Traffic Flow Theory

In the first decade of this century, the number of traffic states were debated. Kerner (2004) claimed that
there would be three states (free flow, congested, and synchronised). He claimed that all other theories,
using two branches of the fundamental diagram — a free flow branch and a congested branch — assumed
two states. This led to a hefty scientific debate, of which the most clear objections are presented by
Treiber et al. (2000) and Helbing et al. (1999). A main criticism of them is that the states are not clearly
distinguished. Whereas most scientist now agree that three phase traffic flow theory is not a fully correct
description of traffic flow, it includes some features which are observed in traffic. In order to discuss
these features and introduce name giving for them, the theory is included in the course. This reader
provides a short description for each of the states: an interested reader is referred to Kerner’s book for
full information (Kerner, 2004), or the wikipedia entry on three phase traffic flow theory for more concise
information.

7.4.1. States

Kerner argues there are three different states: free flow, synchronized flow and wide moving jams.

Free flow

In free flow traffic, vehicles are not (much) influenced by each other and can move freely. In multi-lane
traffic, this means that vehicles can freely overtake. Note that as consequence, the traffic in the left
lane is faster than the traffic in the right lane. The description of Kerner’s free flow state therefore has
similarities with the description of the two-pipe regime in Daganzo’s theory of slugs and rabbits.

Synchronized flow

Synchronized flow is found in multi-lane traffic and is characterized by the fact that the speeds in both
lanes become equal — hence the name of the state: the speeds are “synchronized”. This could be seen
similar to the one-pipe regime of Daganzo.

In Kerner’s three phase traffic flow theory this is one of the congested states, the other one being wide
moving jams. The characterising difference between the two is that in synchronised flow, the vehicles are
moving at a (possibly high) speed, whereas in wide moving jams, they are al (almost) standstill. Kerner
attributes several characteristics to the synchronized flow:

1. Speeds in all lanes are equal
2. Speeds can be high

3. The flow can be high — possibly higher than the maximum free flow speed. Note that in this case,
the “capacity” of the road is found in the synchronized flow.

4. (Important) there is an area, rather than a line, of traffic states in the fundamental diagram.
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Figure 7.7: Synchronized flow

AS5-North, March 23, 2001

20 N BNunh 1
_ 15
E = B:‘\lurm 2
% 10
= — BNmth 3
12:00 14:00 16:00
(c) time

synchronized flow [l moving jams

Figure 7.8: Observations of wide moving jams propagating through synchronised flow; figure from Kerner (2004)

The area indicated by an “S” in figure 7.7(a) is the area where traffic states with synchronised flow
can be found. Note that in the figure, the free flow branch (“F”) does not extend beyond the maximum
flow. However, note that for a certain density, various flows are possible. The explanation by Kerner is
that drivers have different equilibrium speeds, leading to different flows.

Wide moving jams

A wide moving jam is most similar to what is more often called a “stop and go wave”. Stop-and-go relates
to the movement an individual vehicle makes: it stops (briefly, in the order of 1-2 minutes), and then
sets off again. Kerner relates the name to the pattern (it moves in the opposite direction of the traffic
stream), and “wide” is related to the width (or more accurately, it would be called length: the distance
from the tail to the head) of the queue compared to the acceleration/deceleration zones surrounding the
jam. The speed in the jam is (almost) 0. In the flow-density plan, the traffic state is hence found at flow
(almost) 0 and jam density.

By consequence hence the tail moves upstream with every vehicle attaching to the jam. The head
also moves upstream, since the vehicles drive off from the front. Hence the pattern of the jam moves
upstream. This phenomenon is purely based on the low flow inside the jam, hence it can travel upstream
for long distances (dozens of kilometers). It can pass through areas of synchronised flow, and pass on
and off ramps, see figure 7.8
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7.4.2. Transitions

The other aspect in which Kerner’s theory deviates from the traditional view, is the transitions between
the states. Kerner argues there are probabilities to go from the free flow to the synchronized flow and
from synchronized flow to wide moving jams. These probabilities depend on the density, and are related
to the size of a disturbance.

Let’s consider the transition from free flow to synchronized flow as an example. As the density
approaches higher densities, the pertubation which is needed to move into another state, is reducing
(since the propagation and amplification increases). One can draw the minimum size of an disturbance
which changes the traffic state as function of the density, see figure 7.9. Besides, one also knows with
which probability these distubances occur. Hence, one can describe with what probability a phase
transition occurs, see figure 7.9.

Selected problems
For this chapter, consider problems: A.1.2, 12-13, 25, 30, 31, A.2.2, 64, 99, 107, 108, 109 110, A.5.1,
A.5.2, 153, 161, 183, 180, 191, 192, 189, 218, 243, 244, A.10.2, 278, 279
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Car-following

A car following model describes the longitudinal action of the vehicle as function of it’s leader(s). That
can be, it describes its position, speed or acceleration. There are many different forms, and all have
their advantages and disadvantages. They all aim to describe driving behavior, and human behavior is
inconsistent and hence difficult to capture in models.

This chapter does not give an overview of all models, nor an historical overview. That is given by
Brackstone and McDonald (1999). Instead, in this chapter we discuss the simplest, Newell’s, and discuss
some characteristics which one might include.

8.1. Newell’s car following model

The most easy car-following model is the model presented by Newell (2002). It prescribes the position
of the following x; + 1 car as function of the position of the leader x;. The model simply states that the
of the follower is a distance s; upstream of the position of the leader of a time 7 earlier

xl+1(t) =xi(t—’[)—sj (81)

This means that the follower’s trajectory is a copy of the leader’s trajectory, translated over a vector
{r,5;} in the xt-plane (see figure 8.1). This vector has also a direction, which can be computed by dividing
its vertical component over the horizontal component.

== 8.2
w= (8.2)
This slope is the speed at which information travels backward in congested conditions, and hence is the
slope of the congested branch of the fundamental diagram.
For each driver, different values for T and s; can be found. From empirical analysis Chiabaut et al.
(2010) it is shown that averaging the slopes over more than 12 drivers would yield a constant shock

Space X

>
Time

Figure 8.1: Newell’s car-following model is translating a leader’s trajectory over a vector {z, sj}
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Figure 8.2: The average of the car-following behavior of drivers each with different parameters of the newell model leads
to a shock wave speed

wave speed. This is illustrated in figure 8.2. Although the parameters of the car-following model are all
different, the is an average translation of the disturbance, indicated by the red dotted line.

8.2. Characteristics

8.2.1. Dependencies
The car-following model describes the action of the following vehicle. That of course can depend on the
movement of the leading vehicle. Some elements which are often included in a car-following model are:

o Acceleration of the leader: if the leader accelerates, the follower can get closer
e Speed: a higher speed would require a longer spacing

e Speed difference: if a follower is approaching his predecessor at a high speed, he needs to brake in
time

« Spacing: if the spacing is large, he might (i) accelerate and/or (ii) be less influenced by its leader

o Desired speed: (i) the faster he wants to go, the more his desire to close a gap. But also (ii) even
if the predecessor is far away, the follower will not exceed its desired speed

All these elements occur in car-following models. This list combines elements used for different type of
models. For instance, some models might prescribe a distance, and hence use speed as input, whereas
others might prescribe a speed, and use distance as input.

Surprisingly, many of the available car-following models are “incomplete”, i.e. they lack one or more
of the above elements and are therefore limited in their use. Using them for a dedicated task is of course
allowable. A user should ensure that the model is suited for the task.

8.2.2. Reaction time

Human drivers have a reaction time. Mostly, the models are evaluated at time steps, which are chosen
small, often in the order of 0.1 second. A good model allows to set the reaction time of the driver
separately. Then, only information which is more than a reaction time earlier can influence a drivers
acceleration.

Some models will use the model time step as reaction time. In that case the speed or acceleration
of the model is evaluated every time step, which then is typically 1 second. Information of the previous
time step is immediately used in the next time step, and in between there are no accelerations considered.
The effect of reaction time on the traffic flow is described in Treiber et al. (2006). Generally speaking, a
large reaction time can make the traffic flow unstable.
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Figure 8.3: Schematic overview of the principles by Wiedemann

8.2.3. Multi leader car-following models
Human drivers can anticipate on the movement of their leader by looking ahead and considering more
leaders. This has empirically been shown by Ossen (2008). Generally, one would adapt the car-following
model allowing n times the spacing for the nth leader. Also, one might expect that a follower acts less
sensitive on inputs from leaders further away — that might be in terms of lower acceleration (i.e., closer
to zero) or later (i.e., a higher reaction time).

Two “mistakes” are common, leading to multi-leader car-following models which seem to make sense,
but are not realistic.

1. In the car-following behavior, only vehicles in the same platoon should be considered, or vehicles
which might influence the following vehicle. A car-following model which always takes three leaders
regardless of the spacings might take a leader which is a long distance away, which in reality will
not influence the driver.

2. If the car following model predicts the average acceleration caused by each of the leaders, it might
be that the follower crashes into its leader. Instead, a minimum operator is usually more suitable.

8.2.4. Insensitivity depending on distance

Most car-following models indicate drivers will adapt their speed based on the action of their leaders.
Wiedemann (1974) states that drivers only react if the required action is above a certain threshold.
Specifically, he indicates that within some bounds, drivers are unable to observe speed differences. One
might also argue that within some boundaries, drivers are unwilling to adapt their speeds because the
adaptation is too low. These bounds depend on the spacing between the leader and follower: the larger
the spacing, the larger the speed difference needs to be before a driver is able to observe the speed
difference. As example, a 1 km/h speed difference might be unobservable (or unimportant to react
upon) on a 200 meter spacing, but if the spacing is 10 meter, this is observable (or important).

It is relevant to draw a diagram relating the relative speed to the spacing, as is done in figure 8.3.
The thresholds are indicated: within these bounds, the driver is insensitive and is considered to keep his
current speed. Outside the bounds, the driver accelerates to match the traffic situation.

When the leader brakes, the follower closes in. That means that point is in the right half (the follower
has a higher speed) and the line is going down (the spacing reduces because the follower is driving faster).
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Wiedemann principle
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Figure 8.4: Empirical observations of leader-follower pairs in the relative speed - spacing plane

At a certain moment, the follower comes closer to his leader and starts reacting to the speed difference,
i.e. he will reduce speed. He can either not brake enough and have still a higher speed, or overreact.
If the braking is not enough, the situation is the same as the starting situation, and the same situation
will occur. Therefore, we will assume for the further reasoning that the follower overreacts.

The overreaction means that the follower will have a lower speed than the leader. That means that
the speed difference will go through zero (the y-axis in the figure). At that moment, the speeds are
equal, so the spacing remains momentarily the same. Therefore, when crossing the y-axis, the line is
horizontal. After that, the leader drives at a higher speed than the follower, and the spacing will start
increasing. For low speed differences, the speed difference is under the observation threshold and the
follower does not adapt his acceleration. Only once the next bound is reached, he will notice the leader
is shying away and start accelerating again.

If he will again overreact, the speed difference will become positive. Again, the speed difference will
go through zero (the y-axis) where the line has a horizontal tangent line (a zero speed difference means
that at that moment the spacing remains constant). One can continue constructing this figure, and it
shows that in this phase plane (i.e., the plane relative speed - spacing) the leader-follower pair makes
circles.

The wider the circles are, the wider the observation thresholds. The threshold are considered to be
expanding for larger spacings. Empirical studies (e.g., Hoogendoorn et al. (2011); Knoop et al. (2009)
indeed reveal these type of circles.

Caution is required in interpreting these figures. A Newell car-following model does not implement
these type of observation thresholds. However, the relative speed - spacing figures will show circles due
to the reaction time. Namely, once the leader brakes, the follower will not yet, and in the relative speed -
spacing plan this will be shown as a part of a circle. A correct analysis tracks the car-following behaviour
not at the same moments in time (vertical lines in the space time diagram), but at lines moving back
with the shock wave speed. When doing so for the Newell model, one would not find any circles at all.
A detailed analysis of this methods is presented by Laval (2011)

Finally, some words on the principle in relation to car-following. Car-following models prescribe
the position, speed or acceleration of the follower based on the position, speed, or acceleration of their
leaders. The principle laid out in this section only mentions when the speed is not adapted, but does not
specify the acceleration outside the thresholds. As such, it therefore cannot be considered a car-following
model. Instead, it can be combined with another car-following model to get a complete description.

8.3. Examples

This section shows the most used models, apart from the Newell car-following model described in 8.1.
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8.3.1. Helly
The first model we describe here is the Helly model (Helly, 1959). The Helly model prescribes a desired
spacing s* as function of the speed v:

s*=s9+Tv (8.3)

Note that this could be considered as a spacing at standstill (jam spacing) plus a dynamic part where T
is the net time headway (subtracting the jam spacing from desired spacing).

Now the acceleration is determined by a desire to drive at the same speed as the predecessor and a
desire to drive at the desired headway. The model prescribes the following acceleration:

a®) =a(vt—-1)+y(s(t—1)—5%) (8.4)
In this equation, Av is the speed difference, t is a moment in time and 7 a reaction time.
8.3.2. Optimal Velocity Model
The optimal velocity model proposed by Bando et al. (1995) is a car-following model specifying the

acceleration a as follows:
a=ay(v'—v) (8.5)

In this equation, v is the speed of the vehicle, and ay a reference acceleration (tunable parameter,
constant for a specific vehicle-driver combination). v* is determined as follows:

v* = 16.8(tanh(0.086(s — 25) + 0.913)) (8.6)

In this equation, s is the spacing (in meters) between the vehicle and its leader, giving the speed in m/s.

8.3.3. Intelligent Driver model
Treiber et al. (2000) proposes the Intelligent Driver Model. This prescribes the following acceleration:

4 . 2
it - (1) (7)) e

with the desired spacing s* as function of speed v and speed difference Av:

vAv
2vab

In this equation, Av is the speed difference between the leader and the follower, a is acceleration and
b a comfortable deceleration. aq is a reference acceleration (parameter).

s*(v,Av) = sq +vT +

(8.8)

8.4. Relation to fundamental diagram

The fundamental diagram gives in its usual form the relation between the density and the flow for homo-
geneous and stationary conditions. Also car-following models can describe homogeneous and stationary
conditions. In that case, all vehicles should drive at the speed and should not change speed (stationary).
Therefore, the acceleration of all vehicles must be zero.

Many car-following model prescribe a the acceleration based on speed and spacing. The equilibrium
conditions mean that the acceleration is zero (and one might argue the relative speeds as well). The
relation between spacing and speed then gives an implicit equation for the spacing-speed diagram. Using
that the density is the inverse of the (average) spacing, and the flow is (average) speed times density, one
can reformulate the spacing-speed diagram from the car-following model into a fundamental diagram.

Take for example the OVM, equation 8.5 and equation 8.6. Equilibrium conditions prescribe that
drivers do not accelerate, hence ag(v* —v) = 0. That means that either ag = 0, or

W-v)=0s v'=v (8.9)

. Since ag cannot be zero — in that case the vehicle would never accelerate. Therefore, in equilibrium
conditions, equation 8.9 should hold. Using equation 8.6, we find:

v = 16.8(tanh(0.086(s — 25) + 0.913)) (8.10)
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Figure 8.5: Fundamental diagram according to the OVM

This gives a relation between speed and spacing. For a fundamental diagram in flow-density, that gives
(using q = kv:

q = kv = k (16.8(tanh(0.086(s — 25) + 0.913))) (8.11)
The spacing can be changed into a density. Since all vehicle have the same spacing (equilibrium condi-

tions), we may use
s={(s)—1/k (8.12)

Substituting this in equation 8.11, we find an expression for the fundamental diagram.
q = k (16.8(tanh(0.086(1/k — 25) + 0.913))) (8.13)

Note that in this expression with the values as in equation 8.6, density should be in vehicles per meter
and the resulting flow is given in veh/s. Converting these units, this results in the fundamental diagram
as shown in figure 8.5.

Selected problems

For this chapter, consider problems: 11, A.2.4, A.3.2, A.4.2, 133, 154, 179, 181, 220, 222, A.10.4, 266,
277, 280, 281, 282, 283
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Traffic state dynamics in three
representations

Traffic can be described by a fixed relation between X, N and T. The most common way to describe traffic
is the N-model using Eulerian coordinates, which describes the number of vehicles (N) that have passed
location x at time t. Another well-known representation is the X-model in Lagrangian coordinates, which
describes the position (X) of vehicle n at time t. The third and least common representation is the T-
model, which describes the time (T) at which vehicle n crosses location x (Laval and Leclercq (2013)). All
three models describe the same traffic state, for example the situation shown in figure 9.1. The example
displays the journey of around 75 vehicles on a single lane road. The 5th vehicle stops for around 60 time
steps and creates a jam, which slowly dissolves. With use of this example, the describing parameters,
characteristics and shockwave theory in the 3 different approaches are described in the following sections.

9.1. Describing parameters

In the different models, the traffic state are be explained in different combinations of x, n and t. The
derivatives of these parameters give a first insight to the important variables. For example, the change
in vehicle number n with time t is the flow q and the change of vehicle number n with space x is the
density k. An overview of the other variables are presented in table 9.1. The pitfall in determining the
derivatives are the correct signs, which originate from the convention of the scales. The convention of
space can be either positive or negative, but time is always positive. For vehicle number, the convention
is that the first vehicle on a road has the lowest n number. As a result, the higher vehicle numbers
correspond to lower x values, and the derivative dN/dx has a minus sign.

3dim Traffic State

1000

Nr of vehicles 0 o0 Space

Figure 9.1: Example of a traffic situation, expressed in x, n and t
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Table 9.1: Variables used in different coordinate systems

N(x,t) XMnt) Tmnx)
/dt  q(x,t) v(n,t)
/dx —k(x,t) p(n,x)
/dn —-s(n,t) h(n,x)

Table 9.2: Overview of parameters

1st explanatory variable x n n
2nd explanatory variable t t x
Independent variable -k - p
Dependent variable q v h
FD Qk) V(s) H(p)
Trajectories iso-n iso-x iso-t
slope trajectories A% =v A% = % = —g
vertical distance v = —% % =—k ﬁ_;i =v
. . At _ 1 t _ n _
horizontal distance AN = 7 ix =P i =4

In the sequel of this chapter, the equivalencies of the representations will be shown, as well as how
they can be used. We will be using that similar equations allow to use the same answers and computation
schemes. Table 9.2 summarizes the comparisons which will be explained in the following sections.

9.2. N-model

The most common way to describe traffic is the N-model. In this model the flow q is proportional to
the density k and speed u, with ¢ = ku. A fundamental diagram can be drawn for flow where density is
the main variable to determine the flow. In the remainder of this chapter we will be using the triangular
fundamental diagram.

Trajectories in the N-model are iso-n lines which represent the movement of an individual vehicle in
time and space. The XT-diagram in Figure 9.2b shows model output of around 75 vehicles driving on a
1 lane road, which is the same situation as in Figure 9.1. The 5th vehicle stops at x = 450 for around 60
timesteps, causing a jam. The trajectories of 3 cars are isolated, the first having an undisturbed path,
the second trajectory is stationary for around 40 timesteps before continuing its path, and the third
trajectory is stationary at a smaller x-location for a shorter time period. This indicates that the jam
grows in the —x direction, and that the queue length dissolves with time. In this model data, but also in
observed trajectory data, the vertical distance between two trajectories provides information about the
density, using ﬁ—l’\‘, = —%. The horizontal distance between trajectories is a measure for the flow AA—If] = %.

Assuming that all vehicles that enter a certain road stretch also have to exit the road stretch within
a certain amount of time, it can be stated that the number of vehicles are conserved. Hence, with no

sinks and sources, the conservation equation (earlier generally stated in equation 6.1) is given by:

ok dq
E + a =0 (9.1)

This states that the change in density k with time t and the change of flow g with distance x should
equal out to zero.

9.2.1. Shockwave Theory in the XT-plane

By combining trajectory data and the fundamental diagram, it is possible to identify traffic states. These
traffic states are a combination of density and flow, for example, jam state or capacity state. Figure 9.3
shows an example the traffic states which are identified using the fundamental diagram. Here, the
example is given. A full explanation is given in chapter 5.
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Figure 9.2: Representation of traffic in the N-model
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Figure 9.3: Shockwave Theory in the N-model, with different traffic states, A = inflow, B = jam, C = Capacity, D = empty
road
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Table 9.3: The variables in the Lagrangian formulation

Table 9.4: tab:lagtable

Variable Euler Lagrange

Traffic state Flow g Speed v
Density k  Spacing s

Variable space vehicle number
time time

9.3. X-model

The most useful description mathematically is the X-model. In this case, X is being described as function
of n and t. In this representation, the fundamental diagram describes the speed V based on the spacing
s. The shape of V(s) is presented in Figure 9.4a and has the following properties:

A speed of 0 between the origin s = 0 and the jam spacing s;

e A congestion branch where speed increases with spacing. This state occurs when s; < s < s, the
angle of increase is equal to T = 1/(wk)

+ A free flow branch where the speed is maximum and continuous (vy). This state occurs when
spacing exceeds the critical value s > s,

+ A critical spacing s, which is the minimum value for spacing with maximum speed (vy)

From the perspective of the X-model, the traffic situation of Figure 9.1 is visualized in the NT
diagram 9.4b. Looking horizontally in the plot, there is a continuous increase in distance (colors) for
the first vehicles, indicating that they have an undisturbed journey. Vehicle nr 20 is positioned on 1
location for a period of time, so it experiences a delay due to a jam. The length of the jam is not visible
in this representation, only the delay it causes. The delay is largest for the lower vehicle numbers (but
>5) and decreases with time for higher vehicle numbers, indicating that the jam is slowly dissolving.
Furthermore, the delay starts at a distance around 400m (green color) and changes to blue colors with
time, indicating that the jam is moving in the —x direction.

Trajectories in the X-model are iso-x lines. It tracks how many vehicles have crossed a fixed location
with time, in other words, every trajectory is cumulative curve. The three indicated trajectories in
Figure 9.4b are cumulative curves for approximately x = 100,x = 400 and x = 600.

From the NX diagram, also other traffic variables can be estimated. The vertical distance between

two trajectories is a measure for density ﬁ—; =—k = —% and the horizontal distance can be used to
estimate the pace AA—; =p= %

Based on the assumption that vehicles cannot disappear from the road, a continuity equation can be
retrieved. The continuity equation for the X-model is:

ds Ov

E+%=O (9.2)

which states that the change in spacing s with time t and the change of speed v with vehicle number n
summed should be to zero.

The description in the X-model is also called a Lagrangian coordinate system. In this system, the
coordinates move with the traffic. This is opposed to a system where coordinates are fixed, which we
call a Eulerian coordinate system. In this representation, we describe the position of the Nth vehicle; for
a discretisation of AN=1, we hence have a microscopic model. Also for other values of AN, there is an
easy linking of the microscopic to the macroscopic variables, since the vehicle movements are described.
Table 9.4 shows the comparison of the two coordinate systems.

Since the equations are similarly formed, similar solution techniques can be done in this representation
as in the N-model. As with the other representations, shockwave theory will be discussed. Due to
the importance and the mathematical advantages of a numerical scheme, for this representation also
numerical simulation scheme is presented, similar to the cell transmission model: see section 10.3.

68



\'}
ek
Vi
o
Sj Sc s
(a) Fundamental diagram for the X-model
NT one bottleneck
80
800
60
5
S - 600
=
240
S
e 1 400
z
20
200
0 i ,'n'r;/ 4 L I}
0 50 100 150 200

Time
(b) NT-diagram and iso-x lines, with 3 trajectories. The colors

indicate the location x.

Figure 9.4: Representation of traffic in the X-model
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Figure 9.5: Shockwave Theory in the X-model, with different traffic states, A = inflow, B = jam, C = Capacity, D = empty
road. Traffic state D is infinitely small.

9.3.1. Shockwave Theory in the NT plane

Similar to Shockwave Theory in the N-model, it is possible to also identify traffic states in the X-model.
This is done by combining the trajectory data in the NT-plane with the fundamental diagram, as shown
in Figure 9.5. Four states can be identified: Inflow A, jam B, capacity C and empty road D. The steps
to identify traffic states is similar to the shockwave theory in the XT-plane, with 1 exception. The
spacing on an empty road can be infinitely large, so state D does not have an exact position in the
fundamental diagram. Since the spacing at D is infinitely large, the shock between jam B and empty
road D is horizontal in the limit. Furthermore, the size of the shock is infinitely small, so it is invisible
in the NT-diagram. The connecting line between inflow state A and jam state B, indicates how fast the
jam is growing, whereas the connection line between jam state B and capacity state C, gives information
on how the jam dissolves.

In summary these are the main advantages of the Lagrangian formulation are:

o “Easy” numerical discretization (simulation)

e Accurate simulation results

o Fast simulation

o Trajectories of (individual) vehicles come out by default
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9.4. T-model

The variables used to describe traffic states in the T-model are pace p and headway h. The properties
of the fundamental diagram for headway as function of pace H(p) are:

e There is a capacity state at a minimum pace p, where headway is minimum H, at H = 1/C

o Headway increases from H. to infinity in the free flow branch, so it is a vertical line at p = 1/vf
e Headway increases with pace in the congested branch with angle € which equals 1/k;

o For high values of pace (=low speed), the headway increases to infinity

The traffic state in the T-model is represented in the NX-plane, see Figure 9.6. In this graph, the
colors represent the time, so a jump in colouring indicates the boundary to a different traffic state. A
horizontal line in the NX diagram gives the time at which all vehicles cross a certain location, so the
vertical color jump indicates that there is an empty road. A vertical line in the NX diagram follows 1
vehicles and give the time at which that vehicle passes a certain position. The color jump in vertical
direction indicates that the vehicle takes a longer time than usual before reaching the next position, so
it is caught in a jam. The extent of the color jump indicates the magnitude of the jam. A large jump
equals a large delay.

Trajectories in the T-model are iso-t lines which are basically snapshots. It provides the position of
all vehicles on the road at a certain time step. The orientation of the line is from the upper left to the
lower right, which is opposite to the trajectories in the other two models. The different orientation is a
result of the convention of scale in vehicle number, as mentioned in section 9.1. The example trajectory
nr 2 in Figure 9.6b indicates that the first 5 vehicles are situated around 800 distance, followed by an
empty road. Then, approximately 5 vehicles are going at capacity flow between 550 to 450 distance,
while 10 vehicles are trapped in a jam around distance 400. Finally, 10 vehicles are situated between
distance 0 and 375 in the ‘normal’ or initial traffic state. It is difficult to see in this example, but the
slope of trajectory is smallest (least negative) in the capacity state. In general, the vertical distance
between two trajectories is an estimation of speed 2—;‘. =v= % while the horizontal distance is a measure

for the flow % =q= %
Assuming that no vehicles disappear from the road, the continuity equation for the T-model is given
by:
ép 6h

on  Ox

stating that the change of pace p with vehicle number n should be equal to the change in headway h
with distance x.

9.4.1. Shockwave Theory in the NX-plane

Due to the opposite orientation of the trajectories, the fundamental diagram needs to be adjusted before
shockwave theory can be applied. Since the free flow branch of the H(p) is vertical, it is sufficient to only
reflect the congested branch in the line H = H,, resulting in a line with angle —q. This line is partially
drawn in Figure 9.7b, with jam state B’ located at minus infinity.

Returning to the XN-diagram, two traffic states are easily recognized due to the jumps in color, with
initial state A in the lower part and the capacity state C in the upper right part. In between these states,
two infinitely small traffic states exists. State D indicates the empty road, and state B indicates the jam
state. The headway for an empty road and at stand still are both infinitely large, therefore the states
B and D are not physical points in the fundamental diagram, but indicated with the arrows. Because
the jam state is infinitely large, the shockwave of the jam (B) with the inflow (A) and outflow (C) are
parallel, with an infinitely small area in between. A similar reasoning holds for the empty road state D,
which is situated in between the initial state A and capacity state C.

Only the tail of the queue is visualized in the NX-diagram, and not the queue itself. This is because
stopped vehicles do not move in X and therefore are not visualized. Only in the time step where they
start to move again, the vehicles are visualized in the next state. The tail of the jam moves in —x
direction with slope —e = —%, so it depends on the jam density only. In this example, the tail of the jam

grows till it reaches the beginning of the road. If the jam had dissolved sooner, there would have been
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Figure 9.6: Representation of traffic in the T-model
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Figure 9.7: Shockwave Theory in the T-model, with different traffic states, A = inflow, B = jam, C = Capacity, D = empty
road. Traffic state B and D are infinitely small.

another vertical shock between capacity state C and inflow state A, at the vehicle number that does not
experience any delay anymore.

Although shockwave theory can be applied in this representation, it does not provide extra infor-
mation. The occurrence of a jam can be identified from this graph and the growth of the jam in space
can be estimated. However, it is impossible to identify when the congestion will be dissolved. This is a
disadvantage of this representation.

9.5. Discussion

In summary, the N-model is more intuitive and easy to understand. The X-model is mathematically
easier but more difficult to interpret. The X-model is difficult to grasp and does not yet have clear
benefits. Table 9.2 provides an overview of the main parameters used in the different representation.

Selected problems
For this chapter, consider problem: 276.
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10

Macroscopic Dynamic Traffic flow
Models

This chapter describes the principles which can be used in macroscopic traffic flow modelling. First, the
mathematical models are presented (section 10.1). From section 10.2 several discretisation schemes are
presented, i.e. models which can be implemented in a computer model.

10.1. Mathematical models

Also on the macroscopic level, one can model the traffic operations. The main advantages of macroscopic
modelling over microscopic modelling are

1. a lower calculation time
2. less sensitive to stochastic effects

Simulating traffic low macroscopically means that one has to find the equations of the dynamics of
the macroscopic traffic flow variables. Conservation of vehicles (realising there are no vehicles created or
disappearing along a motorway stretch) yield the following equation:

dk 0dq
—+=—=0 10.1
at = Ox ( )
This is a specific form of equation 6.1, with no source and sinks.

The most basic modelling is first order modelling. In this case, a fundamental diagram is assumed,
and hence there is a relationship

q=q k) (10.2)
Substituting this equation in equation 10.1, we find
ok 0dq 0k
T 10.
at + 0k dx (10.3)
This can be rewritten using the characteristic speed (see chapter 6): g—z = c(k)
ok +c(k ok =0 10.4

As chapter 6 already showed, the boundary conditions for the traffic flow can come from either
downstream or upstream. Therefore, a combination of a downwind and an upwind scheme have been
proposed, as section 10.2 will show. This model is described in the N-model (see section 9.2). The
simulations also can be done in other coordinate systems. Especially the X-model is useful. Section 10.3
will discuss a numerical scheme similar to the cell transmission model of section 10.2 in the X-model. In
this coordinate system, some of the mathematical disadvantages disappear
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Regardless of the coordinate system, the system might contain various classes. Section 10.5 discusses
this phenomenon; a way to implement it in a computer model in discrete equations is proposed in section
10.5.2.

All above methods use the fundamental diagram as starting point. This is not necessarily true. Section
10.6 discusses higher order models, i.e. models where traffic states can deviate from the fundamental
diagram based on dynamics.

10.2. Spatial and temporal discretisation

The most standard way to calculate traffic models is to discretise the space and time. In particular,
this section will explain the cell transmission model, as introduced by Daganzo (1994).Mathematically
speaking, this model is based on the model independently proposed by Lighthill and Whitham (1955)
and Richards (1956) that is discretized in space and time and solved with a solution scheme proposed
by Godunov (Godunov, 1959). The model is also referred to as LWR model, to Lighthill, Williams and
Richards.

10.2.1. Model working: Cell Transmission Model

To start, a road is split up into segments of length L, and time is discretised in steps of At. The state of
a cell i at time step t is determined by its density. For each cell, the fundamental diagram is specified.
First the concept is explained. Then, the details and equations are given.

In uncongested conditions, the flow between upstream cell i and a downstream cell i +1 is determined
by the demand (in veh/h) from cell i to cell i + 1. If there are more vehicles, the demand is higher. The
actual demand can be derived from the density in cell i and the fundamental diagram.

In congested conditions, the demand is high (many vehicles want to get out of the area), but the
supply is the restriction of the flow. In this case, the downstream cell i + 1 restricts the flow. The flow
is hence determined by the flow in the downstream cell, which can be derived from the density and the
fundamental diagram.

Once the flow between cell i and cell i + 1 is determined, the densities in the cells can be updated,
and the process can be started again.

The more formal traffic flow scheme is as follows. We start by splitting the fundamental diagram
into two parts. We define a demand function D as function of the density, which equals the flow for
undercritical conditions and the capacity in overcritical conditions.

D = [q(k) %f k< ke (10.5)
C if k >k,

This indicates how much traffic wants to go from the upstream cell to the downstream cell.

Similarly, we create a supply function S, which limits the flow at the entry of a cell in cases in which
the cell is in overcritical conditions. This function equals capacity for undercritical conditions, and is
equal to the flow given by the congested branch of the fundamental diagram in overcritical conditions:

qlk) itk > k, (106)

ic ifk < ke

The demand and supply curves resulting from a triangular fundamental diagram can be found in

figure 10.1. The flow from cell i to cell i + 1 is determined by the minimum of the demand in cell i and
the supply in cell i + 1:

Qii+1 = min{D;, Si41} (10.7)

From figure 10.1(c), it also shows how the fundamental diagram results from the minimum of demand
and supply.

This can be translated into an actual number of vehicles by the time step, by multiplying this flow
by its duration, i.e. the duration of a time step At. The effect that this flow has on the densities in the
cells depends on the lengths of the cells:

Ak; = (qi—1,i — Giie1) (At/L) (10.8)
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Figure 10.1: The demand and supply curves

10.2.2. Numerical diffusion

The main disadvantage of the the CTM is the discretisation scheme leading to so called numerical
diffusion. This means that the shocks as described with shock wave theory do not stay sharp. The
numerical diffusion is lowest if the cell length are as short as possible, but if the cell lengths should never
be smaller than the time step times the free flow speed, so no vehicle can travel further than one cell in
a time step.

Figure 10.2 shows this numerical diffusion in an example. The situation starts with a high density
(jam density) between km 3 and 4. At km 5, the road is blocked. Once the simulation starts, shock wave
theory predicts that the shock remains intact and travels upstream. When there is no further inflow, it
should reduce from the tail whereas the head travels backward. A second queue at jam density should
start growing with the head at km 5. This is what should be modelled by the method.

The figure shows the results at time 0 (one queue, initial conditions), 180 seconds and 360 sec-
onds. The cell lengths were chosen to match the temporal resolution. For the simulation, we chose a
fundamental digram with k.=25 veh/km, kj= 150 veh/km, and € =2000 veh/h.

The numerical implementation the numerical diffusion: due to the numerical scheme of the solution,
the shock is smoothed. The magnitude of this diffusion depends on the time step of the scheme.

10.3. Simulation of the N-model

An alternative to the cell transmission model could be a model which does not have cells which are fixed
in space, but which has cells of a block of vehicles. Basically, the system now predicts the movement of
each AN vehicle, where its speed is governed by the V(s) fundamental diagram. The difference in space
between the Nth vehicle and the (N — AN)th vehicle determines the spacing, which in turn determines
the speed. Assume a time step of At seconds. After applying the speed for At seconds, new positions are
assigned, leading to new spacings etc.

A main advantage is that numerical diffusion is not or less present with a well chosen discretisation
scheme in lagrangian coordinates. Figure 10.3 shows how the numerical schemes can work.

A mathematical discription of a multiclass model in Lagrangian coordinates is given in section 10.5.2.
For more information on Lagrangian macroscopic models, see van Wageningen-Kessels et al. (2010).

10.4. Event based

In event based models, time is not approached by infinitely small time steps. Instead, the traffic is
assumed to stay the same up to the next event.

A simple event based traffic model is the shock wave theory discussed in section 5. There, the traffic
states propagate until two waves intersect, and the next wave will be created. Then again, the next event
can be calculated, but there is no need to check how the waves propagate in the mean time.

10.4.1. Link Transmission Model

The link transmission model is a model developed by Yperman et al. (2006). It considers nodes as base
elements, and using cumulative curves it is determined how much traffic can flow into the link and out
of the link. Just like the cell transmission model, a demand and a supply are determined; the difference
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Figure 10.2: An example of the numerical diffusion in an Eulerian disretisation scheme. Without numerical diffusion, in
this example all traffic states would either be at capacity or at jam density.
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Figure 10.3: Simulation results of the backward propagation of a congestion tail, simulated in Lagrangian and Eulerian
coordinates. Figure from Leclercq et al. (2007)
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Figure 10.4: The fundamental diagram in the flow density plane

being that this has to be determined only once per node. A link hence does not need to be cut in different
cells, which makes the computation more efficient.

It is based on Newell (1993), which gives limits for the number of vehicles which will have passed a
specific point. That is maximized by the traffic, but limited by either demand or supply.

Suppose the road has a piecewise linear fundamental diagram, as in figure 10.4(a). Each of the pieces
of the fundamental diagram corresponds with a wave speed. For several moving observers, passing with
a speed v one can calculate the maximum flow passed this observer, which can be calculated by (see
equation 4.11). The flow for a certain density is given by the fundamental diagram. However, by moving
there is a flow kv subtracted from it. This flow difference which should be subtracted is indicated in the
colored lines in figure 10.4(b). The flow relative to the observer is then the distance between that line
and the fundamental diagram, or in an equation (equal to equation 4.11):

Qra = k(v —v) (10.9)

This maximum flow is plotted in figure 10.4(b). This relative flow for each of the observers is plotted
in figure 10.5(a). It is important to note that these relative flows are maximum for the density range
in which the characteristic speed of the fundamental diagram matches the speed of the corresponding
moving observer.

These flows are measured along a moving path, as indicated in figure 10.5(b). For the point of
interest, indicated in the figure, one can calculate how many vehicles have passed. This depends on the
conditions earlier in time. The limits of the number of vehicles that can have passed are given by relative
flows passing the moving observer.

In our case for four different parts of the fundamental diagram, there are four paths along which the
relative flow should be checked, as shown in figure 10.5(b). If the initial conditions (at t=0) are known,
the cumulative vehicle number at each of the starting points of these lines is known (indicated by Ny ;).
To this initial cumulative vehicle number we should add the relative flow times the time to have the
restriction on the vehicle number for that particular moving observer, indexed i

Nliim < NO,i + qrelAt (1010)

Because the relative flow is maximum if the characteristic speed is the speed of the moving observer, we
know that we can only consider the maximum flow pass the moving observer. Or in other words, the
lower flows for other densities do not need to be considered. Hence the vehicle number in the point of
interest can be calculated:

N = min (NEL) (10.11)
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Figure 10.5: Calculating the flow using moving observers
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Figure 10.6: The influence of the vehicle length on the density and the remaining net spacing for different speeds

10.5. Multi-class
10.5.1. Principles

Another dimension, which in principle can be combined with all discretisations mentioned above, is the
number of classes in the model. Usually, these are trucks and passenger cars, since these have distinct
characteristics. The three main differences are:

1. Trucks have a lower speed
2. Trucks have a longer length
3. Trucks have a lower acceleration

In first-order traffic flow modelling, accelerations are not considered as such, and thus difference three
is ignored. The first two differences lead to a different fundamental diagram for trucks.

Figure 10.6 shows what the influence is of different speeds at the gross headways. For high speeds,
the gross distance consist mainly of net headway, and thus the truck does not occupy much more space
than a passenger car. For low speeds, this difference is the same, but relatively, this difference is larger.

The capacity is the maximum number of vehicles that can pass a cross section per unit of time. As
is clear from the above, this number will be less if the traffic stream consist of more trucks. The effect of
trucks is expressed as passenger car equivalent, or PCE. The PCE value for vehicles in class J is indicated
by P;. In this description, the flow is limited by the capacity:

7<) P, (10.12)
]
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In this equation, q;, is the flow of vehicle class /. PCE values for trucks can be found in hand books, for
instance Heikoop (2011); Transportation Research Board, (2000). Typically, the PCE for trucks is around
2. If we consider a road with a capacity of 2000 pcu/h (passenger car unit, but often simply quoted as
2000 veh/h), a demand of 2000 passenger cars per hour is critical. A demand of 1800 passenger cars
per hour and 200 trucks per hour leads to an effective demand of 18004-2%200=2200 pce/h (see equation
10.12), which is overcritial. Given the vehicle demand of 1800 veh/h and the capacity of 2000 pcu/h,
there is a remaining capacity of 200 pcu per hour. This equals a flow of 200/2=100 trucks/h.

1. [ PCE calculation|Exercise: calculate the PCE for trucks for the fastlane discription for 10% and
20% trucks. Assume reasonable numbers for the unknown variables.

10.5.2. Fastlane

The two classes can be mixed, and then the classes should interact. Fastlane (van Lint et al., 2008) is a
model where this mixture is incorporated. The model is based on a class-specific fundamental diagram
which gives the relation between the net distance headway and the speed. Note that this relation does
not directly work with the density, i.e., the inverse of the gross distance headway. The reasoning is that
the speed of both classes in congestion is equal and depends only on the net distance headway. Because
trucks are longer, the gross distance headway for the same speeds is longer for trucks. By separating the
headways from the length of the vehicle, only one speed-headway relationship for congestion needs to be
specified.

The independent variable for the model could be “empty space”. This can be uniquely changed into
a generalized density, assuming a uniform vehicle of one passenger car vehicle.

Using these principles, as well as the class-specific fundamental diagrams and the model equations
for the Fastlane model can be derived. The resulting model equation can be found in Van Wageningen-
Kessels (2013), from which the remainder of this section is taken.

Before we reformulate the multi-class conservation equation into Lagrangian coordinates (see section
10.3), we need some definitions and preliminaries. We define class 1 as the reference class for the
coordinate system. This implies that only vehicles of class 1 are numbered. Therefore, coordinate n
refers to the number of vehicles of class 1 that have passed location x until time t. Furthermore, the
coordinate system moves with the vehicles of class 1, i.e. with velocity v;. Therefore, the Lagrangian
time derivative in the multi-class model is defined by:

b_J + g 10.13
Dt~ at ' 'ox (10.13)
Finally, the class-specific spacing of class 1 can be expressed as the partial derivative:
dx
=—— 10.14
S1 an (10.14)

Realising that s, = 1/k,, this can be substituted into the Eulerian conservation equation (10.1), the
quotient rule is applied and the result is rewritten:

Jd (1 0 (v dsy dvy, 0sy
T <5u>+ ax(5u>—0 = ot Sugy + v, I =0 (10.15)

Subsequently, substituting the multi-class Lagrangian time derivative (10.13) yields:

Ds, vy, dsy
—u_ U — — =90 10.1
Dt Su dx +(Uu vl) dx ( 0 6)
Finally, (10.14) is substituted to find the Lagrangian multi-class conservation equation:

Ds, s,0v, v;—1v,0s,

Dt s; On s;  On =0 (10.17)

We note that for class 1 the conservation equation (10.17) reduces to a simpler form:

DS]_ avl

Dt + E =0 (10.18)
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Yet an alternative formulation of the conservation equation in Lagrangian coordinates is proposed in
(Yuan, 2013; Yuan et al., 2015b):

Ds, Odv,

E + E =0 (1019)

with Lagrangian time derivative:

b _6+ 0 10.20
Dt at | Mox, (10.20)

The main difference is that in this model a different coordinate system is introduced for each class. The
coordinate systems are coupled via the fundamental relation and the effective density function. Yuan
(2013); Yuan et al. (2015b) argue that this formulation may lead to more efficient simulations if there
are only few vehicles in the reference class.

10.6. Higher order modelling

There are other macroscopic models, which include more terms and can include traffic states that are
not on the fundamental diagram. That way, hysteresis can be included. One of the most used higher
order models is the Metanet model. In this model, the speed increase is limited, representing a reaction
time and a limited acceleration. In this reader we do not discuss these models. For more information on
the disadvantages and advantages, see Daganzo (1995) and Aw and Rascle (2000). For more information
on the Metanet model, see Kotsialos et al. (2002), which is a macroscopic equivalent of the Payne
car-following model (Payne, 1971).

10.7. Suggested problems
28, A.2.1, A.3.1, 88, 134, 135, 136, 193, 240, 241, 242, 291, 292
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1

Microscopic lane change models

11.1. Introduction

The parts up to now are mainly focussed on the longitudinal driving behaviour and the modelling
thereof. This chapter discusses lateral driving behaviour. For multi-lane roads, the lane changing plays
an important role. In fact, lane changing is claimed to be the main cause for traffic breakdowns Ahn
and Cassidy (2007). They argue that a single lane change manoeuvre might lead to a disturbance which
grows and due to overreaction, leads to a stop and go wave. Moreover, the lane flow distribution (LFD)
is not equal at bottlenecks, implying that in some lanes there is capacity remaining even though the
combined flow gets overcritical.

Firstly this chapter discusses a lane selection model from a psychological perspective section 11.3).
Then, in section 11.4 a microscopic lane change model is introduced. Section 11.5 discusses more advanced
lane change models, combining lateral and longitudinal movements.

11.2. Type of lane changes

Three types of lane changes are distinguished. The are show in figure 11.1 and explained below

1. Desired lane changes are lane changes which a driver does to be better off, usually because the
speed in the adjacent lane is larger.

2. Mandatory lane changes are lane changes which a driver does because he has to to continue to its
destination. This might be because the lane ends and the driver has to merge, or because the road
splits into roadways with different directions, see figure 11.1(b)

3. Courtesy lane changes are lane changes which a driver makes to help other drivers. There is no
direct benefit for the driver that makes the lane change.

11.3. Slugs and rabbits

This section describes a theory of lane selection, posed by Daganzo (2002a,b).

11.3.1. Theory

This theory poses there are slugs and rabbits, two different types of drivers each with a specific type of
lane selection. They are defined as follows:

Category free speed lane choice

Slug Low always right

Rabbit High Fastest
This means that the left lane(s) can operate at a different speed, and even in a different regime than the
right lane.
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Figure 11.1: Different type of lane changes
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11.3.2. Traffic operations

Consider a situation with low demand. Then, slugs drive at their desired speed in the right lane. This
speed is lower than the desired speed of the rabbits. Rabbits hence drive their desired speed and stay
in the left lane(s). Both (type of) lanes have a different speed, and operate independently. That is why
this state is called a two pipe regime.

If the density in the left lane(s) increases, the speed can decrease to values below the free flow speed
of the right lane. Rabbits then choose to change lanes towards the right lane, since they will change
to the fastest lane. This will increase the density on the right lane, and lower the speed. The density
on the left lane(s) will decrease and the speed will increase. Thus, the difference in speeds between the
right and the left lane(s) decreases. This process of changing lanes continues until the speed differences
between the left and the right lane have decreased to zero. Then, the complete flow operates at one
state, and this flow is called a one pipe regime.

11.3.3. Loading

The section above describes traffic operations at a continuous motorway stretch. Interesting phenomena
occur at on-ramps. At an on-ramp, traffic merges onto the main road, but always into the right lane.
Consequently, the rabbits are not in their desired lane. They need a distance to perform the additional
lane change into the left, and faster, lane. If the density in the left lane already is high, the traffic in the
left lane might become overcritical, and speeds might reduce. Note that this is happening downstream
of the point of merging, namely at a point where the rabbits change towards the fast lane.

11.3.4. Consequences
Although the model of lane selection as proposed by Daganzo is simple, it does explain the following
features observed in traffic.

o Boomerang effect
¢ Uneven lane distribution

« Capacity drop

11.4. Utility model

The theory of slugs and rabbits is a psychological theory which explains some phenomena. It can not
yet directly be implemented in a model. The lane change model MOBIL, abbreviation for Minimizing
Overall Braking Induced by Lane Changes, can. It describes for each time step whether or not a vehicle
will change lanes. The model is explained in this section. The section first describes the idea of the
model. Then, the model is formulated in terms of equations.

11.4.1. Model idea

The basic idea of the model is that for each of the lanes a utility is calculated. This utility is based on
the following items (note: all of the utilities below have a different value for a different lane choice):

e Foreseen acceleration of the driver: the more it can accelerate the better it is
e Foreseen acceleration of the other drivers: one would prefer not to hinder others
o (For European driving:) how far right: the rules prescribe to keep right unless overtaking.

These utilities are calculated for each of the possible decisions: change left, change right or stay in current
lane. Then, they weighted per decision and summed. This gives the utility for a certain lane.

11.4.2. Model equations

The model is based on utility, calculated per lane, which we indicate by U,. Drivers take their own
utility into account, as well as the utility of others. Figure 11.2 shows the other vehicles involved in a
lane change. The lane changing vehicle is indicated by a c, the new follower by a n and the old follower
by a o.
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Figure 11.2: The lane changing vehicle and the surrounding vehicles. In this figure, the vehicle is considering a lane change
to a left lane. If a lane change to the right lane is considered, vehicles in the other lane should be considered, which will
be indicated with the same symbols

The total utility for a driver is considered a weighted sum of the utility for himself and the other
vehicles:
U =Uc+P Y Uy=Ue+pUy+Up) (11.1)

i€other drivers

The utility for the vehicle is expressed by its instantaneous acceleration a, as computed using the IDM
car-following model (see section 8.3.3). The utility U for vehicle i is then expressed as

1) * 2
0

For the interpretation of the variables, we refer to section 8.3.3.

A lane change is performed if the utility of the driver for the other lane is at least a;;, higher than
the utility of the driver in the current lane. The variable ay;, acts as a threshold variable in this case: as
long as the utility gain is lower than that threshold, a driver will not change lanes. From a behavioral
point of view, a;, can be seen as the cost of lane changing, which can differ per driver.

European driving rules

In Europe, driving rules dictate to stay right unless overtaking. In the United Kingdom, the rule is to

stay left unless overtaking. in the description here, we will refer to left and right for tight hand driving as

in continental Europe; for changes in the UK system, change left and right in the following description.
Two changes are made to the model:

1. The utility in the right lane is maximised at the utility of the left lane. By that change, one
accounts for the fact that overtaking at the right is not allowed.

2. A bias towards the right is introduced, ay;,s. This variable has a value larger than 0, and shows
how much utility people attach to keeping right. A lane change to the right is performed if

Urisht — gleft > g — @y (11.3)
A lane change to the left is performed if

Uleft _ Uright > Aip + Apias (].14)

11.5. Integrated modelling

Usually, models for lane changing separate a desire to change lanes from the manoeuvre itself, which
is for instance modelled by gap acceptance Gipps (1986). The model MOBIL, as described in 11.4,
incorporates the longitudinal accelerations into the choice for the lane. Alternatively, the integrated
model by Toledo Toledo et al. (2007, 2009) starts with the lane change decision as lead and determines
the acceleration.

Intuiteively, one might think that drivers prepare for a lane change in their acceleration, leave gaps
for others merging into the traffic stream and only gradually adapt their headways after someone merged
in front, relaxation. These concepts are incorporated in the LMRS model, the Lane Change model with
Relaxation and Synchronisation (Schakel et al., 2012).

Recent experimental (Keyvan-Ekbatani et al., 2016) findings show that drivers have four distinct lane
change strategies:

1. Speed leading: drivers choose a speed and in order to keep that speed, they change lanes
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2. Speed leading with overtaking: drivers choose a speed, and change lanes to overtake. In contrast
to the speed leading strategy, drivers will speed up in order to reduce the time of overtaking.

3. Lane leading: drivers choose a certain lane and adapt their speed to the traffic in that lane

4. Traffic leading: drivers claim they “adapt to the traffic”, i.e. they do not have a certain lane or
speed in mind.

Drivers expect that they drive “as anyone else”, and they are not aware that other drivers can follow a
different strategy.

Selected problems
For this chapter, consider problems: 2, A.3.5, A.4.3, A.5.2, 137, 138, 182, 190, A.9.4, 249, A.11.7
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Macroscopic fundamental diagram

The idea of a Macroscopic Fundamental Diagram (MFD) or Network Fundamental Diagram (NFD) is
that rather than at the level of a lint, at the level of an area there exists a relationship between the
number of travellers on the road and the average speed of these travellers. Moreover, it could be argued
that the noise in the measurements might be less. For individual detectors, one will find deviations from
the fundamental diagram, (both upward and downward) which crates high scatter. Geroliminis and
Daganzo (2008) showed that if one averages all detectors over a large area almost all scatter disappears
(see figure 12.1). From a mathematical point, this makes sense since it simply is the law of large numbers.
But although the concept seems simple, the effect might be large.

The essence of an MFD is that a high density affects the the traffic flow to even under capacity. This
is in contrast to a single road with a bottleneck, where in case of a high demand, the outflow will be
at capacity (or queue discharge rate). This internal congestion can only take place if the (tail of) the
congestion influences the throughput. This is the case with spill back effects, e.g. a tail of the queue
growing backwards and thereby influencing drivers which want to take an exit which does not pass the
bottleneck. A very much simplified example of this is given by Daganzo (2007), which proposed a single
ring road with entrances and exits everywhere, see fig 12.2.

In MFDs, some terminology is different (see table 12.1 for an overview). Accumulation (A4) is the
total number of vehicles in a network, which can be expressed as total number of vehicles or number of
vehicles per roadway length. Note that since the roadway length is fixed, these two are proportional.
Some scientific works separate accumulation from the average density, with the network length (preferably
the lane-kms) as proportionality factor. It can be argued that for comparison of the traffic state between
networks the scaled version, average density, is more relevant. In the sequel of this work, we will hence
use accumulation also as scaled variable.

Production (P) is the internal flow in the network. The average flow can be computed by Edie’s
definitions for all links in the network (equation 1.8). If this is not corrected for the network length
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