Capacity drops at merges: new analytical investigations
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Abstract

This paper focuses on the derivation of analytical formulae to estimate the effective capacity
at freeway merges. It extends previous works by proposing a generic framawerko
account for (i) heterogeneous vehicle characteristics and (i) refined description of the
physical interactions between upstream waves and downstream voids created by inserting
vehicles within the merge area. The pdad analytical formulae permitv directly compute

the capacity values when the merge is-aetfive, i.e. when both upstream roads are
congested while downstream traffic conditions are-fi@e. They show that accounting for
vehicle heterogeneity is not necessary when only the negaacity is targetedCalculations

with the proper mean value for all parameters prosideost the same results as calculations
that consider the full distributions for all parameteffis means that calibratingll
distributions is not necessary only theean parameter values are importdfinally, this

paper also shows that vehicle heterogeneity plays a major role in the flow dynamics just
upstream of the merge.

Keywords:
Active bottleneck, Capacity Drop, Freeway Merge, Kinemactic Wave, Heterogeneou
Vehicles.
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1. Introduction

Determingthe effective merge capacity, i.e. the maximum flow that can be observed just downstream
of freeway merges, is crucial for traffic operations. This is not only important for simulation purpose
but also to develop better control strategies. Effective dgpaaeferred in some papers as the queue
discharge rate. Experimental findings show that capacity drops are often observed at merges even if
downstream traffic conditions are in frew, e.g.(Cassidy and Bertini, 1999; Kerner, 2002; Chung

et al, 2007; Sarviet al, 2007; Zhenget al, 2011).The magnitude of the capacity drops is mentioned

to be between 10 to 30% of the maximal observed flow. The main physical explanations for such a
phenomenon are lower speeds for merging vehicles combined withddmbuamcceleration, e.g.
(Cassidy and Rudjanakanoknad, 2005; Laatahl, 2005; Treiberet al, 2006; Laval and Daganzo,
2006) and the impacts of driver behaviors, @assidy and Ahn, 2005; Coifman and Kim, 2011,
Chenet al, 2014) In a nutshell, slowevehicles create voids in front of them that locally reduce the
available capacity and lead to temporal flow restrictidinis.important to notice that driver relaxation

few hundred meters downstream of the merge palt therelatedglobal acceleratio process may

also trigger capacity drog&im and Coifman, 2013; Carlsaat al, 2014) In this paper, we will only

focus on thephysical process close to the merge, i.e.ittgacts of merging vehicles combined with
bounded acceleration.

Except for direcexperimental observations, the most common way to determine the effective merge
capacity is to use a traffic model able to reproduce the underlying physical mechanisifigvalg.

and Daganzo, 2006; Srivastava and Geroliminis, 2015 requires runngna simulation for every

new set of parameters and is not really convenient when looking for a first and quick approximation of
how a merge behaves or to determine which parameters are the most influential, e.g. for sensitivity
analysis.(Laval, 2006) is oe of the first attempt to estimate capacity related to a dynamic and local
physical processTo the authors® knowleddeeclercget al, 2011)is the only attempt to derive an
analytical expression that explicitly relates thergeeffective capacity tahe different parameters.

This expression is derived by considering that inserting vehicles act as moving botti@heckd,

1998; Leclerceet al, 2004)with bounded acceleration while mainstream vehicles behave according to
the kinematic wave mode{Lighthill and Whitham, 1955; Richards, 195&jith a triangular
fundamental diagram. The central point of this contribution is to handle the interactions between
moving bottlenecks when vehicles insert at different location along thenop.

This first attenpt has two main shortcomings. First, vehicle characteristics are supposed
homogeneous, i.e. same acceleration, same jam spacingE Second, interactions of upstream
propagating traffic waves with downstream propagating voids created downstream of moving
bottenecks are neglected. This paper proposes new analytical investigations that tackle these two
shortcomings. Notably heterogeneous vehicle characteristics will be introduced to account for traffic
composition (trucks and cars) but also for driver behayiarsdom maximal acceleration). As a major
result an updated expressifor the effective capacity defined by. (5) in (Leclercget al, 2011)will

be established. In this paper, we will assume that both tirarop and the freeway are congested
upstream of the mergdLeclercget al, 2011) provides all the materials to extend the results to
situations when the eramp is in freeflow. Furthermore, we will consider that the inserting flgyis

given when calculating the merge effective capa€tyOne more time, # major challenge is to
derive anupdateversion ofeq. (5) in (Leclercget al, 2011) Then, all methodology already presented

in (Leclercqet al, 2011)can be directly applied. Notably, when the merge fafi® given(Daganzo,

1995, qo can be derived by solvingg. (1) This provides both equilibrium traffic states upstream of a
selfactive merge, i.e. when the congestion is not coming from downstream. Finally, note that we will
restrict our investigations here to a daae freewg. Extensions to muliane freeways have already

been discussed ifLeclercget al, 2011) The corresponding methods are directly applicable to the
extended expression of the effective capacity.

111 ja)g =111,! 1)

This paper is organized as followhe first section proposes a generic expression for the effective
capacity. Section 2 deals with proper consideration of voids downstream of moving bottlenecks while
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section 3 addresses the question of heterogeneous vehicle characteristics. The mainh&sektivo
sections is to derive the characteristics of the statistical distributions that appear in the generic
expression. The main challenge is to maintain analytical tractability frortoesrtd. Analytical
expressions will be compared to numericangiations to test the relevance of the required
approximations. The last section presents a brief discussion.

2. Generic expression for the effective capacity

Consider a merge with two oft@ne roads. Vehicleinserts from the omamp at time; and locaibn X

(O!'x! L), whereL is the length of the insertion lane, $8gurela. The time headwdy=t;.;-t; between

two successive insertions follows an unknown distributitfho,s4) with meanhy=1/q, and standard
deviationsy. Inserting vehicles are considered as mgwvottleneckgNewell, 1998; Leclerceet al,

2004) on the freeway with initial speed; and bounded acceleratiay The distributions of these
parameters are respectively describedvbiyo,s0) andA(a,sa). Note that capital letters will be used

for defining the distributions associated to random variables labeled with lower case letters. Platoons
of vehicles upstream of each moving bottleneck on the main road are described by the kinematic wave
model (Lighthill and Whitham, 1955; Richards, 195&hd a triangular fundamental diagram with
wave speedv and jam density;. Freeflow speed has no influence here and it seems reasonable for
freeway traffic to assume same wave speeds for all plai@inabautetal., 2010) A different jam

density value is assigned to each inserting vehicles follo#itigs). In this paper, we will assume

that this value also characterizee mean jam density of the platoons leaded by the inserting vehicle.

(b)

1 void
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<

L

Figure 1: (a) Sketch of the merge (b) Inserting process wheh=0 (c) Inserting process wherL>0, no interaction
between waves and voids (d) Accounting for interactions between waves and voids.

To establish the generic expression for the effective cap@citghicles are first assumed to all insert
at x=0, i.e.L=0, seeFigure 1b. Let$ be the cumulative maber of vehicles that have crosseeD
between timdg; andt;.;. Variational theoryDaganzo2005)states tha$ can be equally calculated on
the paths A B or Al C! B, see Figlb. This can also be seen as a direct application oGtleenOs
theorem No vehicle can pass the bottleneck between A and &,isequal tow!(hi-"}), where"; is
the time duration between points A and C. The effective cap@aityrresponds to the ratio between
the sum of$ and the total duration of the process, i.e.shm ofh;, when the number of insertisn
tends to infinity. It is then given by:
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Note that the unit ofois consistent with a speed but this expression is not related to any physical
definition. The law of large numbers tells us thatnj1& and (1h)" h; respectively converge to # and

ho, i.e. the mean of the corresponding distributions. # camgproximated using the multivariate
generalization of the Delta meth@@ehlert, 1992)This method consists in performing a seconder
Taylor expansion o% around the mean valués, Vo, a and" before applying the sum operator. First
order terms diggpear because the sum of each parameter dividedcbyverges to the mean. Only
second order terms remain and are weighted by either the standard deyiafi@ach distributiork

or the covariancéy between alX andY. Thus, # is given by:

I

(2)
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We first assume thad andV, are respectively independent froandK because they depend on the
onrramp traffic conditions and not on the vehicle characteristics. The covariance between these
distributions is then zero. It can easily be verified that the second derivavevitti respect tK is

zero. Interestingly, tsi means that th&-distribution has no influence 0@, only the correlation
betweerK andA does. Finally, all the derivatives §ifcan be expressed using the derivatives afe

then obtain the following generic expression@or

i R N N 1
I !'—<_!| e II)_I._I_ ”_!! '!_"‘a!!!' !

S

The derivatives of’ are provided in @ (5). We will show in section 3 and 4 that introducing more
relevant physical hypothesis like>0, interactionsbetween voids and waves or random vehicle
characteristics is OjustO a question of properly calculating the moments of all distributions.
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3. Considering interactions between waves and voids

In this section, we now consider that insertions can happen anywhere betweeh (Ladd Vehicle
characteristics are still homogeneoss=0 andsk=0). We first show that the physical process with
random inserting position can still be described with the generic expression. Second, we look for the
analytical expression for the relevant momentsetn (4). Finally, we derive the full analytical
expression.

I 1 _
o
rt R

| (4)

3.1.Applying the generic expression

The general principle for considering insertions at different locations betw@emndx=L has already
been presented ifLeclercqet al, 2011) When vehiclei is inserting at time; and locationx;, it
generates a wave whose speed &nd which carries the speegl. This wave reaches=0 at timetQ
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seeFigurelc. (Leclercget al, 2011)explains in details what clearly appearsFigurelc: the process

for determining the effective capacity »t0 is the same when considerihg0 or L=0. Indeed, the
cumulative number of vehicles can be calculated on either path€!AD! B or Al DO B.
Calculation on path A D@ B is exactly the same for the path AC! B whenL=0, seeFigure1b&c.

To determineC, we only have to replace the distributibinby the distributiorHO wher&G= t',1-t |

andt is the ordered series gained from the realization®ofse€igure 1c. This result resorts to a
restrictive assumption: waves coming for moving bottlenecks are not influenced by voids created
upstream by other bottlenecks, e.g. wave coming from vehicle 1 gatgsauntilx=0 without
considering the void created downstream of vehicle 2Fgeees1c. (Leclercget al, 2011)mentioned

that this assumption helps to keep #malytical calculation simple but they do not investigate how it
influences the effective capacity values. This will now be done. Note(lteatercqet al, 2011)
provides the analytical expression Bgwhen the time between two insertions is sebga.e. s4=0,

and when the distribution of inserting positions in congestion is uniform as suggested by experimental
evidencgDaameret al, 2010)

o I.,/\ﬁ)/(u(\ﬁ..)..,)m ....... s |; )

Figure1d shows what happens when considering the interactions between voids and waves. The wave
coming from vehiclel meets the void created downstream of vehicl@he void progressively
vanishes and the wave can only propagate further downstream when the void has disappeared, i.e. at
time TO inFigure1d. This changes the timt@when the wave reaches0 and potentially influences

the HOdistribution that is now simply relabeldtl This also modifies th¥, distribution. In fact, the

initial speed when calculating the cumulative vehicle number beti@@and the time when éhnext

wave arrives ax=0 is no longer equal tay, but is now equal t@,,, seeFigureld. v;,corresponds to

the speed carried by the wave coming from veHialed that goes through the point C where the void
created byi disappears. The position of this point depends on the initial spgedf the void
downstream boundary. This last speed can be determined by identifying the kehatleletermines

the sped profile wheni is inserting, se€igureld.

All the challenge is to maintain analytical tractability when calculating the new momentstbitig

Vo distributions onsidering the extended physical process with voids. In order to validate the
analytical simplifications that we will made, we have developed a numerical code that, for a given
ho=1/qp, (i) randomly draws the inserting positions for a set of 5000 vehi@lesiatches each vehicle

| with the corresponding vehiclésand k, (iii) makes the proper calculation for the vehicleoid
boundaries, (iv) determines the modified valuest@andv,,. Note that the wave coming frohmot
necessarily meets a void and is then unaffecibd. results of this process will be further referred as
numerical simulationlt is important to notie that this does not correspotudclassical results from a
traffic simulator because here traffigrshmicsis not fully reproduced. These simulations correspond

to a direct MonteCarlo implementation of the physical processes described in Figure 1c and Figure
1d. They provide samples foH and V, distributions and also allow us to directly estim&teWe
perform extensive simulation runs but for illustration purposes, most figures of this article are drawn
with the following parametersv=19.4km/h, / =130veh/km,a=1.8m/<", ;=0.174veh/s.

| {I /\/I—I R T TN R R TR

3.2.Determining the moments of the different distributions

We further assume that all vehicles have the same spedtkn inserting. This speed is associated to
Qo through the fundamental diagram. This assumption is reasonable becauseatm s congested.
Section 5 will explain how this can be relaxed. Nthat mathematical expectation (mean) of a
distributionX is further labeledE(X).

H-distribution. Considering interactions between voids and waves does not change the number of
waves created. ThuE(H) remains unchanged and is equalhto The ordering proessing when
switching fromtOto t* makes inaccessible the analytical derivation of khdistribution from the
distributions of the inserting position and time.(Lreclercqet al, 2011) the analytical expression of

SHo Seeeq. (6), has been obtained by considering extreme case Wwisenery small and very high and

by fitting the global expression using extensive numerical simulations. Notably, it appeareithat
follow an exponential distribution whdntends to infinity. Here, wapply the same approadkigure
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2 shows an example for the evolution sf with respect tdL when interactions between voids and
waves are considered or not. Thigyfire highlights that the standard deviationHofs unaffected by
the modification ofty) when waves encounter interactions with upstrearitsvoThe analytical
expression @ (6) remains fully accurate. This has been confirmed by multiple simulation sings &
wide range of parameter values.

Probability for interacting pi.. Not all waves meet voids before reachif. Before going further

in the calculation of the moments, we need to establish an analytical formulation for the propability
that a wave starting from a moving bottleneck experiments interactions. Consider a véatles
inserting at timet; and locationx.. The wave starting from can interact with a void created by a
vehicle that inserted in the close past or that iwgkert in the near future, see diamond dotEigure

2c. To maintain the analytical tractability, we will only consider the closest neighbors, i.e. vehicle
andi+1, see the shaded areaFigure2c. There will be no interactions if the starting point of vehicle

1 makes it arrive abowe at timet; and if vehiclei+1 is creéed above the wave coming framat time

ti+1. These two conditions should jointly be true and correspond to initial inserting positions for vehicle
i-1 andi+1 along the two green lines figure2c. This means that.;>%-0.5ahy>Voho and X+ 1>X-Wh.

Let denoteb, andb, respectively theninimum and the maimum betweenx-0.5ahy’-Voho and x-wh.

As the inserting position for all vehicles obeys to a uniform distribution, it comes that the conditional
probability P(nol;) of no interaction giver; is:

LI W ifx; < by
PO (0D L (L =1, 0 1y)/0 0 i g o1 7)
RNV A

The law of total probability makes it possible to deterngipevith respect td®(nojx;) noticing that the
probability for vehicld to insert at position; is 1L:
!

I
pwe=t0 o[ e, ®)
i
The black curve irFigure 2b compares the numerical and analytical resultspfprand differentL
values in our example case. It appears that the analytical expression is close to the numerical results
even if we onlyconsider the two closest neighbopg; is underestimated because our approximation
neglects interactions with farer neighbors. This result has also been confirmed by extensive simulation
runs.
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_Sh! "%$ (a) - (b)

° Without void interactions
1} ° With void interactions
Analytical approximation

0 50 100 150 200 250

Y U ot te ot

Figure 2: Analytical approximations for (a) the standard deviation of H with and without considering void
interactions (b) the mean and the standard deviation of yand the probability p;y; for waves to interact with voids (c)
Process for approximating the probability py.

Ve-distribution. The initial speed when wave arrives atx=0 may either be equal te, or v
depending on whether an interaction happens or not. We first only consider cases with an interaction.
Let denote Af,x) the point where the void is created, TB{) the point where the wave medhe
downstream void boundary andT€k:d the point where the void disappears, Bégure 1d. C is the
intersection point of two parabolas corresponding to bounded acceleration trajectories (curves BC and
AC). Solving the associated equations leadB@d+(v1,-Vo)/a. Equation of arve BC also tefl us that
v1,|=a(TC:)T)+vo. It comes then a very simple result whgis constantv,=vy . Finally, vy, is given by:

Lo U 0 1)+ 1, 9

Eqg. (9 means that thé&/;-distribution of only depends on the distribution ¢H). Its two first
moments are then given by:

{E(!!)! ENCINMYIE

Q)N+ 2aE@HE) + QY HD (10)

The mean and standard deviation of thedistribution can then be derived by applying the law of
total expectation with condition probability dependingwdrether an interaction appears or not:

PAD)T @ Tpdlg! Tt (1))
{n}, L@ =)ty @t el 1t
: ' {!(!!)! Ly b1 gl (110 D)

I A N (NN AR AT

(11)

The last thing we need to finalize is the calculation of the mathematical expectatiamaf?. This
can be achieved by again applying the Delta metathlert, 1992):
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Figure 2b shows the comparison between the analytical and the numerical calculati&@¥ojoand

Sy and the examplease. The results are quite good except for some discrepancies forvialwes
(between 60 and 150). The reason is that,)=v,x and €. (9) hold only if vehicld inserts outside the

void created by vehicle Otherwise, the void disappears more quickly @afev; k. Such situations are
properly handled in the numerical code but can hardly be introduced in the analytical derivation. Of
course, they happen more frequently if the insertion length is smalleXpiains why the analytical
formulas overestimatE(Vy) ands,, whenL is quite small. As usual, extensive simulation runs have
been performed to verify that the errors remain in the same level of magnitude. Furthermore, we will
see later that such dispamcies have few impacts when calculatihg

Covariance betweerH and V,. To apply €. (4) with homogeneous vehicle characteristics, the last
missing term is&,vo. The analytical derivation of this term is almost impossible because multiple
interactions occur. Indeed, when a wave is delayed due to a void this stiamdene headwaysf

both neighboring waves and the initial speed for one of thenkigee1d. This speed depends on the

time headway of another wave associated to vekidiecause of the ordering process frio t*, it

is very difficult to analytically detrmine the headway index associated to an initial speed
modification. Fortunately, when performing the extensive numerical tests it appears that the value of
& vo remains very low compared to the variances of other distributions whatever the paragpeters,
andL are.H andV, are clearly not independent but their covariance can be neglégteds then
assumed equal to O for further analytical calculations.

(12)

3.3.Calculating the effective capacity for different inserting flows

Figure3 presents the analytical and numerical results for the effective cagadityree values for the
inserting flow are tested. The blue curve and dots correspond to the case veneationts are
neglected and so to the results already statédeiclercget al, 2011) The red curve and dots clearly

show the importance of considering the interactions between voids and waves. The estimation of the
effective capacity increases up td?dsvhen this phenomenon is taken into account. This is explained

by the fact that voids created by upstream inserting vehicles reduce the impacts of other vehicles that
insert downstream. This tends to increase the capacity.

The effect of interactions starbeing noticeable whdr=50m except for the lowes, value. This is
because when all vehicles insert on a short distance, waves quickly rea0hasd do not interact

with voids. Another interesting result is that the effective capacity stops sigtilificgacreasing when

L becomes higher than 1B0. However, the influence df is important for the lowest values. For
example, the effective capacity increases about 15 to 20% when L increases from 20ntoThéd

may be interesting for road design.

Themost important insight ifigure3 is that the extended analytical formula performed well whatever

the gqo and L values are. The discrepancies with the numerical results are always below 3%. This
means thakeq. (4) provides a very good estimate for the effective capacity even if we resort to
restrictive assumptions when determining the moment of some distribulioissis really appealing
because this formula provides a direct estimate for the effective capacity without requiring any
complex simulation runs. It will now be further extended to account for heterogeneous vehicle
characteristics.
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Figure 3: Comparison between analytical and numerical results when considering or not the interactions between
waves and voids. (a) regular inserting flowgy=0.174veh/s (b) low inserting flow:q,=0.08veh/s (c) high inserting flow:
0o=0.26 veh/s.

4. Considering heterogeneous vehicleharacteristics

In this section, vehicle characteristics are no longer homogeneosg,arelsc $ 0. We still consider
that the inserting speed is the same for all vehiclessi.e.

4.1. Applying thegeneric expression

To mimic realistic traffic conditions, we consider that inserting vehicles can be categorized into trucks
and cars. The truck ratio is denofed Accelerations and jam densities are assumed to follow normal
distributions for each vehicle class. Remember that the jam density formally describes in this
framework the characteristics of the platoon upstream of an inserting vehicle. Because pl&oons ar
small, we distribute the jam density depending on the leader class, i.e. the inserting vehicle.
Parameters related to trucks are identified using an asterisk (*) while those related to cars are
identified using an apostrophe (0). For numerical exantpledollowing values will be applied:
p=0.2, a=1m/s, sx=0.2m/s, ad=a/¥, sp50.5m/s, ! =67veh/km, s¢-=10veh/km,

1 O=14%eh/km,s«z30 veh/km.

Considering random accelerations and jam densities does not modify the global physical process
descrbed in section 2 and 3 when vehicles are inserting as far as the wave speed is conBEtgmte see
1d. Thus, ¢g. (4) can be directly applied as soon as the different moments are properly determined.

4.2.Determining the different moments

K and A-distributions. Those distributions are definggven the vehicle class. Applying the law of
total expectation to the two first moments makes it possible to determine their means and standard
deviations for the total population:

N (R T R A N A (RS TE

{!; LrahHrrtmahyr e athyraarahra (13)

ety et e i atyr (el
Recall that there is no need to calculgtbecause it has no influence on the effective capacity.
Probability for interacting pinc. The only modification when calculating, is that theacceleration of

! 01
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the upstream closest neighbor is random. However, we can use at first glance the mean acceleration
for this calculation. E((7) and (8 remain unchanged, sE€gure4b.

s, [s] @ (b)

N w B (&) [«
[ ]
w

A Heterogeneous (Numerical)
o Homogeneous (Numerical) 1t
Heterogeneous (Analytical)

L [m]

0 . - 0
0 50 100 150 200 250 300 0
(© (d)
0.45 C [veh/s] 0.5 C [veh/s]
—— Heterogeneous (Analytical)
With voids 04l
L o ©O .
0.4 °© ° 22
. 0.3
L 4 & s o
035 Without voids
0.2
r
0.3 .
Heterogeneous (Numerical) 0.1r
o Homogeneous (Numerical) .
0.25 - - - - - L] : ; : : : : : : : P
0 50 100 150 200 250 300 0O 01 02 03 04 05 06 07 08 09 1

Figure 4: Integrating heterogeneous vehicle characteristics. (a) Standard deviation &f (b) Mean and standard
deviation of V,, probability for interacting (c) Ef fective capacity C with respect to L (d) Effective capacity C with
respect to the truck ratio.

H-distribution. A new phenomenon occurs when looking at hdistribution with heterogeneous

vehicle characteristics: some voids never disappear. It is clgagure 1d that if a;>a the upstream

void boundary will join the dwnstream void boundary because initial speed at points A and B are the
same. In the reverse situation, some cases may happen where the curve BC has no intersection point
with the curve AC. In that case, if a wave coming from veHialderacts with thissoid, it will never

reachx=0 and should be disregarded. The effective occurrence of such a situatiop;¥gheepends

on the relative position between B and A and thus dependgc@mnd the relative inserting positions

of vehiclei andl. Using geometrical considerations, it can be derived that the condition for the void
created by vehiclenot to disappear is:

(RN (RIS VIR (IR I VN (14a)

By noticing thatvy,=ay' (hq,Vvo,a)+vo and using a first order Taylor expansion, it is possible to
approximate the mean value for the ratio' dtinctions in Eq.(14) by %2. Eq(l4a) can then be
further simplified:

(KRR (NN NNy (14b)

Deriving aralytically the probability for g. (14b) to be true with respect to tiedistribution is too

difficult. However, eg. (14b) provides an intesting insight. It appears thag.g14b) will never be true

if a is not considerably higher tham Thus and at first glance, we ceonsider that a condition for
eg. (14b) to be true is thait is a truck whilel is a car. Thus, the probability, for a void not to

disappear can roughly be estimated by:

Lortar h (15)

Finally, to determine thel-distribution, we assume that its behavior remains similar after disregarding
the fraction of waves that are not reachi®. Such fraction is equal to the productppf andp, (a
wave should interact with a void that does not disappear). The new mdansothen equal to
E(H)=ho/(1-pinepv). We verify thatsy can still be estimated byge(6) whenhg is replaced bye(H).
Figure 4a shows the numerical results far with and without considering heterogeneous vehicle

! 00
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characteristics. Wave disappearances lead to increasatliescompared to the homogeneous case. It
appeas that the updatedhalytical . (6) provides an accurate fit far; in the heterogeneous case.
This result has been confirmed for multiple simulation runs with different parameters.

V-distribution. Random accelerations and the appearance of persistent voids strongly complicate the
calculation of these moments. We need then to resort to strong assumptions. First, we consider that the
distributions ofvy, can still be described by the distributionwfin ordereq. (9) still holds witha=a.

Thus, the initial speed carried by the wave coming from vehiatdy depends on the characteristics

of vehiclek. Eq.(10) remains unchanged. Foq.€11), we have to consider in case of interactions that
somewaves never reacte0. Forn inserting vehicles, only (piyp,)n waves crosses=0. The fraction

of waves carryingy is thenr=(1-pin)/(1-pintv) While the fraction of waves carrying a random speed
given byV; is 1-r=pin(1-py)/(1-pinpy)- Thus,eq. (11) should be updated intm. (16).
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Eqg. (12) should also be updated because now two variableen{l A) are random in thé-function.
We should then use the multivariate expression for the Delta method. We assurhantétare not

correlated. Thus, the new expression for the mathematical expectativasa? are:
1 ] 1

(16)

NN RN N e e [ P
oty
NN NI IR F el !!—!f”—!
ot et
T G (12)
1 YR ey ! (17)
I!_"!< ! !!"(!!!!!!!)>

!”O!”!H)(H(!!”!”)! e

B !!!d.!,.!!!!)
N
!!!!(!!!!!!!)>

What is important when calculating the moment¥gfrom eg. (16) and €. (17) is to use the initiahg

value fo=1/q0) and not the updated vallEH). When calculating thé&/;-distribution, we have to
consider time intervals between waves coming fromrtimggvehicles whatever they are able to reach

the boundark=0 or not.

Figure4b shows the analytical calculations (Vo) ands,, compared to the simulation results. The
analytical expression provides very accurate estimates for low andlUargkies. In between, the
discrepancies already observed for the homogeneous cases are amplified. They are also observed for a
wider range ol values. The reasons are twofold: (i) stronger assumptions have been made and (ii) in
the heterogeneous case some voids can expand nobtheaprobability that vehicleinserts within

the void created by vehicléncreases. The second reason is the main explanation for lower simulated
values compared to the analytical predictions. However, a proof of consistency here is that the
analyticd expression provides close results wHerns large [(>250m), i.e. when (ii) is very less
frequent. Furthermore, we will see that the discrepancies observed fdf-thistribution have a
limited influence when calculating the effective capacity.

Covariance betweenA and K. & can be easily derived from the conditional behavioré ahd K
with respect to the vehicle class. We simply further assuméthatiK are not correlated within each
specific classecause trucks have specific acceleratiapabilities while car accelerations are more
related to the engine power than to the vehicle lem@therwise, we would have to calibrate such
correlations.

! O(
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Lo DLyttt ettt (18)

Covariance betweerH and V,. As for the homogeneous case, extensive numerical simulations show
that&, o is very low and can be neglected, &g.=0.

4.3.Influence of vehicle heterogeneities on the effective capacity

The final calculation for the effective cagty can be madesing &. (4) and the formulasce (13) to

eg. (18). An important point is that,=1/g, should be used inge(16) and €. (17) when determining

the moments of th&,-distribution but everywhere else whdigis mentioned, one should read the
mean value o and then used the updated expres&@i)=hy/(1-pinpy). This is particularly true in

eg. (4).

Figure4c shows the results for the effective capacity and the reference scenario. Four numerical cases
are presented whether void effect and heterogeneities are considered or not. Homogeneoss cases u
the proper means for the parameter distributions. Numerical results show that considering
heterogeneity has no impact when voids are not considered. Introducing heterogeneous vehicle
characteristics reduces the effective capacity when voids are causlugrthe magnitude is low. The
maximum difference between heterogeneous and homogeneous cases appear fovddmgerand is

never higher than 3%. This has to be compared with the influence of voids that is in the order of 15%.
A very important insighhere is that there is no need to complicate the calculation of the effective
density by considering the distributions associated to heterogeneous behaviors. We only need to
properly determine their mean values and applied the formulae for homogenenasdasids.

Figure 4c also provides the results for the analytical calculation. They are not as close as for the
homogeneous case but the discrepancies are always B& and can be considered fully acceptable.
Furthermore, it appears that the difference with the analytical curve for the homogeneous case is
hardly noticeableThis is because added terms op &) have finally very low values compared to

those that akady appear in the homogeneous case. Furthermore, those terms have opposite signs and
nearly compensate. We can also note here that the discrepancies that appear when calculating the
moments ofVy-distributions have very limited impacts even if they exkplahy the analytical
calculations do not perfectly fit with the simulation wheris between 50 and 250. All these
conclusions have been reinforced by large simulation tests.

Finally, Figure 4d presents a direct application of the analytical approach: the effective capacity has
been determined with respect to the truck ratio. Determining this curve is straightforward with the
analytical formulae when it would haveqréred extensive and painful simulation runs with classical
modeling approaches.

5. Conclusion and discussion

This paper provides new analytical formulations for the effective capacity at active freeway merges.
These formulations are able to account for interactions between voids that appear downstream of
inserting vehicles and for heterogeneous vehicle charstitstiThe main conclusion is that it is not
necessary after all to introduce a detailed description of vehicle characteristics. A proper estimation of
their mean characteristics is sufficient to derive an accurate analytical estimation of the effective
cgoacity. This result is really appealing because it means that formulas presented in 3@cton
sufficient. Such formulas are much more simple and can easily be implemented for practical
applications. One important point is to consider the effect ofsvimitbracting with waves. Recall that
(Leclercg et al, 2011) provides all the methodological background to implement such updated
analytical formulations into a full merge model that also account for situations where-thmpris

not congested.

In this paper, three parameters have not been considered as random: the wave speed, the initial speed
for inserting vehicles and the time interval between two insertions. Constant wave speed is required
because it makes the physical process tractableFigee 1. Random time intervals between two
insertions are straightforward to implement if we assume no modification in the calculatmpaspef

andV, moments. In thatase, only the standard deviationtbhas to be updated, sfe=clercqet al,

2011) for details. Otherwise, the problem becomes analytically intractable. Random speeds for
inserting vehicles can be accounted in the framework of this paper but at the cost of much more
complex analytical derivations. Here is some guidance about how toFrst, the standard deviation

! 0)
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of Vo in eg. (4) should be updated to account for the distributi@nof the initial inserting speed. This
distribution can be considered independent from the distribution of the initial speef due to
interactions beveen waves and voids. Thus, the varianc¥yafan be simply calculated as the sum of

the variances of these two contributions. Second, every time weg faecalculating the moments of

Vo, it should be replaced by the mean val@of V@. vy’ shouldbe replaced by@+s,e. Third a new

term should be added when applying the multivariate Delta methad {(#2) andeq. (17). This term
corresponds to the second derivative’ ahd "> with respect to/@. The main challenge is to properly
estimatep, because it influences the calculations of the momentsl @nd V,. As for random
accelerations, analytical tractability is hard to maintain and strong assumptions would surely be
necessary.
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Figure 5: Numerical simulations for the flow dynamics at x=0. (a) Homogeneous vehicle characteristics (b)
Heterogeneous vehicle characteristics.

We would like to provide a final comment about how important it is to consider heterogeneous vehicle
characteristicsWe have shown that this has no influence on the effeatiean flow at an active
merge However, this may be crucial to represent other traffic phenomena. For ex&igpies 5
provides the oblique cumulative count curves corresponding to our numerical simuldienesoids

effect and heterogeneities are considered or FFigure & shows that when heterogeneities are not
considered the flow dynamics xtO0 is very flat and dse to the mean. When heterogeneous vehicle
characteristics are implemented, the flow dynamics=@tis completely different even if the mean is
nearly similar, seeFigure ®. Time periods with lower and higher flow values are alternately
observed. The fference in the mean local flow between such periods is in the magnitude of 20 to
30% depending on the simulation runs for our reference scenario. This observation is very important
because such flow variations can trigger saopggo wave appearance upsam of the mergd=igure

5b shows that time periods with lowest flow values last between 10 amdn2@hich is cosistent

with the duration of a stepndgo waves. Accounting for heterogeneous vehicle behaviors appears
then essential to catch such phenome

The authors currently investigate several further research directions. First, the proposed framework
makes it possible to derive other indicators than the mean flow for the same physical process. This is
notably the case of the variance of the capadigchnically, the calculation of the variation requires

the calculation of the mean value $f. A secondorder Taylor expansion like in eq. Y3&an be
performed but the analytical expressions of the second derivativisvith respect to the different
variables are much more complex. We prefer not to overload the paper with lines of analytical
expressions and resort to the simple simulations in Figure 5 to highlight the very important result
related to heterogeneous vdhicharacteristics. Note that the momentum of the different distributions
that would be necessary for the derivations of others indicators are those provided in this paper.
Second, the authors are working orefined multilane extension to this framewadmpared to what

is included in(Leclercqet al, 2011) This refined frameworkvill include the effectof discretionary
lanechangings that occur on freeway lan€kis will permit to determine not only the total effective
capacity of multilane freewayaibalso to determine the related lane flow distributions in congestion.
Note thatsuch a distribution is considered homogeneousglLéatlercqet al, 2011)to derive the
multilane capacity. This appeai®o restrictive compared t@centexperimental findigs (Reina and

Ahn, 2014).Third, experimental validation of the analytical formulae is clearly the next goal. The
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experimental design is quite low because we only rfemd measurements upstream of a merge
including the orramp.The only point of attentioiis to verify that the merge is indeed a bottleneck,
which requires a downstream detector with speed measurements. Because, real fraesvagseral
lanes, we prefer to couple the experimental validation with the development of the multilane
framework.
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